Exercise 10

A Maxima and Minima Problems involving Rectangles, Circles and sectors

1

Solution

(a) The length of AB =24.

2x+2z=24
Z=12 =X i (1)
The length of AD =9.
y+2z=9
Y=9=2Z 2)

Substitute (1) and (2) into (3)

Volume of the box,V = Xxpz ..cccooevvenenecnneee (3)
=x(2x-15)(12-x)
=-2x" +39x* —180x

. volume of the box is ¥ = —2x* +39x” —180x. (Shown)

(b) Differentiate /' with respect to x

v =—6x" +78x—180 ..cvvrrrrrrena 4)
dx

For stationary value of V, % =0

—6x* +78x—180=0
x> —13x+30=0
(x—-10)(x-3)=0

x=3or x=10

When x =3,
V =-2(3) +39(3)> —=180(3)
=-243<0

Hence x =10 s the only answer.

Use Second Derivative test to show V' is maximum

Differentiate (4) with respect to x

2
d 12/ =-12x+78
When x =10,

2
((ib:z/ =-120+78=-42<0

Hence V' is maimum when x = 10.



2

Solution

The perimeter of the remaining cardboard has a fixed length of L cm.
Length of the side rectangle cardboard + 2(Length of the height of cardboard) + circumference of semicircle= L
2x+2y+ax=1L
Q+m)x+2y=L

Let A denote the area of the cross section.
A = (Area of rectangular cardboard) — (Area of semi-circle)

2
X

A=2xy— 5 s 2)

Substitute (1) into (2)

_ 2)C(L—(22+ ﬂ)xj_ﬂ_xz

=Lx—(2+7r)x2—7DC

:Lx—(2+3—ﬂ}c2
2

Differentiate 4 with respect to x

%:L—2(2+3—ﬂjx
dx 2

. d4
For maximum area, a =0

L—2(2+37ﬁjx:0

2(ﬂjx=L
2

L
X S e e 4
4437 @
Substitute (4) into (3)
_£_M(Lj
R e
_L(2+27)
2(4+37)
_LUH D) or0.3001)
4437

Use Second Derivative test to show A4 is maximum

Differentiate pr with respect to x

2
d_124=_2[2+3_ﬂ-J
dx 2

2
Since ((]lix_f = —2(2 +37”j < 0, hence A is a maximum.
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Solution

(a) Let 4 denotes the total external surface area of the box and the lid
A=3x"+23xp) + 2xy +3x* + 2(3kxy) + 2kxy
=6x" +8xy + 8kxy
=6X" +8xP(1+k) oo )

Let V' denotes the volume of the box.

V=3x"y
Given that the voulme of the box is 300 cm®, i.e. ¥ =300
300 =3x"y
100
T 2)
X

Substitute (2) into (1)
A=6x"+ 8){@(1 +k)}
X

A=6x" +@(l+k)
X

Differentiate 4 with respect to x

d4 800
= ox-=(+k
= 7 (1+k)

At minimum, % =0
dx

12x—g(l+k)=o
X

o 200(; +k)

. :[200(1+k)};
3

Use Second Derivative test to show 4 is minimum
Differentiate T with respect to x

24 1
d 124 600

> =

(1+k)

x3
Since x>0, k>0

2
. df:12+1600

e (1+k)>0
1
x= [MT gives minimum A4



100

2 100
(b) Lo X Sfom 2 y=—1
x x x

100
= —
1
100 200(1+4) |5
—_— X =| —
200(1+ k) 3
3
3
e s 3)
2(1+k)
The ratio is 3: 2(1+ k).
(¢) Given 0<k<1
1<14+k<2 <radd 1 on all sides
2<2(1+k)<4 < mutliply 2 on all sides
1 1 . .
—< <= < reciprocal on all sides
4 2(+k) 2
3 3 3
—_< <K —
4 2(+k) 2
i < l < i
4 x 2
3 3
.. the range of values of L liesis— <2 <=
X 4 x 2

(d) For box to have square ends,i.e. y = x

From y = x, it gives B 4)
X
Substitute (4) into (3)
y_ 3
x 2(1+k)
1= 3
2(1+k)
1+k= 3
2

k=0.5 (Shown)
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Solution

Let V' be the volume of the box.
V' = (horizontal base of the box) x (depth of the box)
= (x> +10x%)y
Given that the volume of the box is 800 cm®,
(x> +10x%)y =800
800

Let the external surface area be 4 cm?.
A=10x" +10xy + 7x* + 27Xy
=(+10)x" +2(Z+5)XV e, )

Substitute (1) into (2)

) 800
=(r+10)x" +2(7 + 5)){—(” T }

1600(7 +5)

=(r+10)x* + Shown) .......cccevervenae.
( ) (r+10)x ( )
Differentiate (3) with respect to x
Y w10 10007 +3)
dx (r+10)x
At minimum, % =0.
ie. 2z +10)x 00T
(r+10)x
2 +10)x = 00T+
(r+10)x
o 800(7 +5)
(7 +10)°
1
3
x=| BOTED P _ 3 3535
(7+10)

=3.35 (correct to 3s.1.)
.. the value of x is 3.35.

Use Second Derivative test to show 4 is minimum
Differentiate - with respect to x

2
d°4 —2(7r+10)x+3200(7[+§)
(r+10)x

d

_800(z+5) 4

When x° =, —
(z+10y  dv

Thus the external surface area is minimum at x = 3.35.
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Solution

(a) Given that time taken to build the fence is 200 hours,

ie. 2(x+2y)+ 77{%] =200

Tnx 7w
=50 ———— 1
y ) (1
Substitute (1) into (2)
1 2
Area of flower bed, 4 = 5 V4 [g) FXY e 2)

A :lﬂxz +x[50—7ﬂ—£}
8 8 2

A=50x—Sax’ - Ly (Shown) ....cccoveveeanne
4 2

(b) Differentiate (3) with respect to x

%250—(3—7z+1jx
dx 2

For maximum 4, % =0.
dx

ie. 50—(3?”+1jx=0

100
X =
3r+2
=8.75
Substitute x =8.7529 into (1).
Tr 1
=50—-| —+—((8.7529
y ( 2 2}( )

=21.6

The values of x and y are 8.75 and 21.6 respectively.

Use Second Derivative test to show 4 is maximum

Differentiate o with respect to x

d*4 (37z j
—— -z
dx 2

d’4

" o <0

Hence, 4 is maximum when x =8.75. (Proved)
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Solution
(a) Areaof AOCD = %(OC))(OD) sin @
= l(3)(3) sin @
2
= gsin 0
2

(b)

Area of sector OAB = %(OA)(OB)H

1
=5 (Mo

=—0
2

Area of R = (Area of AOCD) — (Area of sector O4B)

Il
e

For stationary value of 4, a
do
2005 0=
2
cosf =

6 =cos™ (lJ
9

6@ =1.46 radians (correct to 3 SF)

O = =

Differentiate (4) with respect to x
d’4
d&’
When 6 = cos™ (éj

d&’4 9 ( 11)
=——SIn| CoS 5

=—=sinf
2

de* 2
- d4

de

<0

Hence when @ =1.46 radians, area of R is greatest.



(©

0 is largest when chord CD touches the smaller circle.

(0C) cos(lej =1
2
3005(l Qj =1
2
cos(l Hj = l
2 3
Lo cos (1]
2 3
6 =2cos™ (lj
3

0 = 2.46 radians

.. the greatest value of & is 2.46 radians.



7
Solution

(a) Given A BFA is an equilateral triangle, Z/AFB = 60°
Angle AFE =180° — ZAFB

=180° - 60°
=120°
Area of sector FEA = @ﬂxz = lirxz m?
360 3

.. the area of sector FEA is %ﬂxz m?.

(b) Area of the park = Area of AAFB + Area of rectangle BEDC + Area sector AFE
= lx2 sin 60° + BC(2x) +17rx2
2 3
Given that the area of the park is 1000 metres,

1000 = %xz sin 60° + BC(2x)+%7rx2

2x(BC) = lOOO—ﬁx2 —lﬂxz
4 3
po S0 5z
X 8 6

Perimeter of fence use to enclose the park
P =AB+ BC+CD + DE + Arc length AE

P[00 V3 7 ), 500 3w ) 60,
x 8 x 8 6 ] 360
P:IOOO+%(4H+36—3\/§) (ShOWN) oo (1)
X

(¢) Differentiate (1) with respect to x
dp -1000 1
—=———+—B6-3V3447) e 2
X 12( V3 +4m) @)

. dpP
At stationary, — =0.
A

_10200 + L 36-33+4m)=0
X 12
10(2)0 ~ 1 36-3B+4m
X 12

o 1000x12
36-33 +4r
x=16.634



Substitute x =16.634 into (1).

1000 16.634
_ 1000 16.634 i 36-343
663 12 7 )
~1202

.. the stationary value of P is 120.2 m

Use Second Derivative test to show P is minimum

Differentiate (3) with respect to x

d*P 2000
P
2
When x = 16.634,% = &M)} >
dx 16.634

Hence, P is minimum when x =16.634. (Justified)
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Solution

The length x of the wire forms a circle with circumference x cm.

Let » be the radius of the circle.

X=27F cveeieereeeeecre e (1)
X

r=—
2r

The perimeter of the length of the square is 8 —x.

Let the length of the side of the square be y.

_8-x
4

y

Sum of areas

A = Area of circle + Area of square

A=7r’+y’
2 2
4=l ()
2 4
2
A= Lg vy
4z 16

Differentiate A with respect to x

d4 2x 1
[ETARTAL
x 1
—;—g(g—x) .................................................... (2)

When 4 is at minimum, % =0

x 1
ie. 0=———8—x
2r 8( )
1l x 1
0=—|——8—x
2[7[ 4( )}
0=2_24+2
T
2:4x+x
4z
8
X =
4+

Use Second Derivative test to show 4 is minimum
Differentiate (2) with respect to x

d*4 1 1
Tty

dx 27 8

d*4

dx2

> 0.

87
b+

Hence A is minimum when x =



r= 4 (Shown)
4+



Exercise 10

B Maxima and Minima Problems involving Mensuration

9
Solution

Let A be the external surface area of the metal bar.

2
A:300y+1507rx+2xy+27z(§j ............................ (1)

Let V be the volume of the metal bar.
¥ 2
V =150xy + ISOﬁ[EJ
Given that the bar has a volume of 7200 mm°,

. 7200 =150xy +7—257wc2 < express y in terms of x

48 7x
e e 2
X 4 @
Substitute (2) into (1):
2
A=300( B _FX ) 1507y x| BB XY X
X 4 X 4 2
= 14400 +96+757x
X

=14400x" +96 + 757 x

Differentiate 4 with respect to x

% =-14400x> + 757
dx

d4
For least surface area, a =0

_ 14400

2
X

+757=0

X= /g or x=-— }@ (rejected *." x > 0)
T T
d4

Differentiate o with respect to x

2
a4 _ 2 x14400x"°

=

2
Whenx:,fg, dIjl>0
T dx
192

.. Ais minimum when x =, |—.
V4
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Solution

Let 4 be the external surface area of the container.
A=27r* +2zrh
Given that the container's external surface area measures 16200 cm?,
i.e. 27r* +27rh =16200 < express A in terms of r
1
h= 8100 V' oeeeeeeeeeee e (1

nr

Let V' be the volume of the container.

Substitute (1) into (2):

V :§mf3 +r’ (8100 —rj

nr

= —%7[7”3 +8100r

Differentiate V' with respect to x

d—V:—ﬁr2 +8100 e, 3)

dr

At maximum V, (ji_V =0.

r
—zr* +8100=0
zr’ =8100
2 _ 8100
T

/8100 .
r=,]——, sincer >0
Vs

Differentiate (3) with respect to x

2
d—Z=—27zr
dr
2
When r = w, dIZ/ 0
Vs dr

. . 1
Hence, V' is maximum when r = w

T



100
V4

Maximum V' = _lﬁ_SlOO . /—8100 +8100, }—8100
3 s T T
_ /8100 (_lﬂ8100 +8100j
T 3 V4

20 (5400
T

N

486000

N

Substitute r =

into (1):

486000

cm
N

The maximum volume of this container is
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Solution
Volume of the remaining solid, V= Volume of the cuboid — Volume of the cylinder
2
= (2x)'y- n(fj y
2
. I G
Given that V' ISZ m’,

2
1
(Zx)zy - ”(gj y= Z < express y in terms of x

1
x° (4—£j:—
4 4) 4

Total surface area, 4

sl -o(5] ()

:(8—%)f4{8+ﬂhy ............................... @)
Substitute (1) into (2):

) , 1 1
:(S—ij +(8+7r)x(16_”]7
:(8—%}ﬁ+(it2)i (Shown)
:(8 —%sz +(186+_7;ij ............................... 3)

Differentiate (3) with respect to x

%:2 8—£ x—(8+” x2
dx 2 16—7

8+ﬂj1
16—7

:(16—7z)x—(

X

For A to be maximum or minimum, a =0.

2

—n)X

aé—nn—(if”]l
(16-7)x* - (8+7) _

0
(16 - z)x’

) 8+
X =—
(16-7)*



Differentiate (4) with respect to x

2
d—A=16—7r+2(8+”)i
16

2 3
dx -

X

2

:16_,;+2[8+_”)M
16—-7) 8+«

=16—7+2(16—1)
=48-3x
=38.6

8+

Therefore A4 is minimum when x° = —
(16—1x)

. (Shown)
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Solution

(a) Let the total surface area of metal sheet to make the can be A.
A = curved surface area of the can + base area of the can

=27xy+27x’
Given that the total area of metal sheet used to make the can is 407> cm?,
ie. 27xy+27x" =407° < expressy in terms of x
xy+x° =207
xy =207 —x°
207 —x°
==

R (1)

X

Volume of the can, V'

= Volume of the cylinder — Volume of the hemisphere

Substitute (1) into (2):

2(207[ jZ ;
=ax’| ——-x|-—7mx
X 3

=7x(207 —x7) —%mﬁ
= ﬂx|:2072' —x’ —gx{l
3
5,
= ﬂx[ZO;r —gx } (Shown) ...coeveevveiiiree, 3)

(b) Differentiate (3) with respect to x

w_ 7 207z—§x2 +7zx —&x
dx 3 3
At maximum volume, %/ =0

V4 207z—§x2 +7x —Ex =0
3 3

207r—§x2 —Ef =0
3 3

20 —5x2=0
5x* =207
X =4r

x =+/47 cm or —+/47 cm (Rejected since x > 0)



Use first derivative test to check if V' is maximum:

x 3.535 iz ~3.54 3.545

dv
dx

1.1018 >0 0 —0.0103<0

Therefore the volume is maximum at x =+/47.

Alternative Method

Use second derivative test to check if V' is maximum:

Differentiate % with respect to x

d’v |: 10 } 207
=7 ——X|-——x

dx? 3 3
When x =+4r,
2
d 12/ =-111.37
2
" v <0

2

Therefore the volume is maximum at x = /4.

Substitute x =+/47 into (1):
V =n\4rx (207r —%(4#))
=466.49 cm’

. the maximum volume is 466.49 cm’.

(¢) We assume negligible thickness for the metal sheet used.
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Solution

()

(b)

Let the height of the cylinder be # cm. Hence height of the coneis (H — /) cm.
Area of the curved surface area of the cylinder + area of the disc = 277k + zr*
Given that the are of the cover and the curved surface of the cylinder is H’7,

wr’ +2xrh=H’xr  <express h in terms of » and H

h_Hz_rz
2r
H> r
S s 1
2r 2 M

Volume of the tank, J = volume of cylinder + volume of cone

=zr’h +%7rr2(H —h)

=P+ =7P H oo )
Substitute (1) into (2):
= %m’z (Z—:—%J+%7WZH
V= %(Hzr —r+Hr*)  (Shown) ....cccccooevrnnne. 3)

Differentiate (3) with respect to x

VT g om0
d 3

. V
At stationary value of V', —((11 =0.
r

H?+2rH =3r*=0

L_T2H VAH? +12H’

-6

= é(H +2H)
Since H > 0,7 >0,
= %(H +2H)
=H
Use second derivative test to check if V' is maximum:

. .odry
Differentiate m with respect to x

v =z
=—QH-6

dr? 3( )

Forr=H,

v =

—=—RH-6H

dr? 3( )

=—4Z”<o as H > 0.

Therefore, V gives a maximum value when r = H.
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Solution

(a) Volume of the stylus = volume of cylinder + volume of hemisphere

=r’s +l(iﬂr3j ......................... *)
2\3
Gven that the volume of the stylus is fixed at &,

k=nris+ z zr

3
kK 2r
s = e e 1
zr 3 O

Let 4 be the total external surface area of the stylus
A = curved surface area of the cylinder + area of the circular disc + curved surface area of the hemisphere

=2zrs+7r’ + %(477}’2 ) ......................... (**)

Substitute (1) into (2):

= 27[}’( k _%)+3mz

2
nr

2k 4nr’
=—— +

Differentiate (3) with respect to x
d4 10 2k
el i
d 3 r

At minimum value, — =0
r
m7z —%:0
r
10 2k
—nr=—
3 r
Lo Ly
3
3k
y = 3—
hY/4

. / . 2
Substitute r = 3 ﬁ intok =zr*s+=xr:
kY4 3



The value of r is 3/i and the value of s is 3[ﬁ
hY/4 hY/4

(b) Given that the volume of the modelis 1270 mm’, i.e. k =1270.
Substitute £ =1270 into (*):

1270 = zr2s + %7[}’3

Given that the external surface area of the model is 1290 mm?, i.e. 4 =1290
Substitute 4 =1290 into (**):

1290 =27zrs + 1’ + l(47:;”2)
2

. 1290 — 372
2rr
Substitute (5) into (4)
2
12702 2 [Mj +20
r

%m’z —645r+1270=0

Using GC,
r=2.0015, 14.599 or -16.601

Since r > 0,7 =—16.61s rejected

If » =2.0015,
ok - 2(2.0015) _ g0 <
7(2.0015) 3

If r=14.599, s = -7.8364

Hence » =14.599 is rejected since s cannot be negative.

So the only value of ris 2.00.
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Solution

Let r, hand S be the radius, the height and the surface area of the cylinder respectively.
Volume closed cylinder = z7*h

Given that the volume of the closed cylinder is p,

ie. p=nr'h
V4
= s (1)
r
S =27 427Ph oo )
Substitute (1) into (2):
=27 +27zr( pzj
r
=27 +2_p ........................... 3)
r

a8 = 47rr—2—§7
dr r
For mininum of S, d—S =0
dr
ie. 4xr —2—f =0
r

. (P )
The value of r is | — | cm.
2r

Use second derivative test to check if V' is maximum:

Differentiate % with respect to x

2
4 . .
j f =4r+ —f > 0 since r and p are positive.
r r

3
Therefore, S gives a maximum value when » = [Zij .
V4



Exercise 10
C Maxima and Minima Problems involving Pythagoras theorem

16
Solution

(a) V¥ =Volume of cone + Volume of hemisphere

1 1(4
V=—=nrrh +—(§7rr3j

Use Pythagoras Theorem,
W+r’ =4

Substitute (2) into (1)
1 2 —
V=§7zr2\/16—r2 +§7rr3 ’
Differentiate V' with respect to

d—Vzéﬂ[2r\/l6—r2 +7r’ {%(16—7’2)2(—2”)B+§(3””2)

dr

3
:%;{2;«/16—# —”—2}2”# ....................................... 3)

16—r
For maximum V/, d—VZO,
dr
3
. %7{2}”\/16—}*2 —r—z]+27zr2 =0
16—r

2 6—r ——" 16 =0
16 —72
2r(16 =)+ +6r°\16 -1 =0
2006 -1*) =1 +6rJ16—1> =0, r 20
3227~ = —6r 16—
32-312 =—6r16— 1>
(32-3r*) = (=6r16— 17 )?
102419272 +97* = 0367* (16 — )
1024 -192+* +9r* = 05767 —361*

. 457" —768r* +1024=0 (Shown)



(b) Using GC to solve 45r* —768r* +1024 =0
r=3.9508~3.951cm (3d.p)
r=-3.9508 ~-3.951 (Rejected, since r >0)
r=12074~1.207 cm (3.d.p)
r=-12074~-1.207 (Rejected, since » >0)

.. the two solutions are » =3.951 cm or 1.207 cm. (3 d.p)

(¢) Forr=3.9508, substitute » =3.9508 into (3)

3
_ l;{2(3.9508)\/16 —3.9508” —ﬂ] +27(3.9508)°
dr 3 V16 -3.9508

=-0.003~0

For r =1.2074, substitute » =1.2074 into (3)

3
w_ 1;:[2(1 2074)316—1.2074> —ﬂJ +27(1.2074)*
dr 3 V16-1.2074°

=18.320+#0

.. there is only » =3.951 cm gives a stationary value of V'
=395l cm

Substitute , =3.951 into (2)
h=+16-3.9508"
=0.62544
~0.625cm (3 s.f)

(@

(3.951,139)
(4.134)
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Solution

(a) By Pythagoras Theorem,
AC? + AB* = BC?
B+ +x" =(3\3)
9+6y+y° +x* =27

¥ =18-6y—y°

Area of the sheet, 4=2xy

(b) From (1): 4=24/18y*—6)" —y*

Square both sides,
A =4(18y" -6y’ — »")

2A%=4(36y—18y2—4y3)
dy

A%=4y(18—9y—2y2)
dy

For maximum 4, % =0
dy

4y(18-9y-2y*)=0
2y°+9y—-18=0 or y=0 (rejected as y > 0)
(2y=3)(y+6)=0

3 .
y= B or y =—6 (rejected as y > 0)
Use First Derivative test to show maximum

Siis]

>0 0 <0

dd
dy

.. A4 is maximum when y = % (Proved)

When y = %, substitute y :% into (1)

RO

=7.179

.. the maximum value of 4 is 7.79 m?
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Solution

(a) Given that the capacity of the tray is 1980 cm’,
1980 = (area of trapezium) x (length)

= %(10x+ 12x)y
1980
11x?
_180
x2
By Pythagoras Theorem C
HD’ = DK’ + HK*
HD? =x* +x’ F
HD =x\2 3

Total surface area of the tray
A =2(Area of trapezium) + 2(Area of rectangle) + area of rectangular base

=22x" + ny\/E +10xy

=22x" + 2x9(5++/2)
=22x7 +@(5 +~/2)  (ShOWN) oo, (1)
X
(b) Differentiate (1) with respect to x
My, 3606+32)
dx x

At stationary point, % =0.

44y 306D

X
Using GC, x =3.7440

Use Second Derivative Test to show minimum

Differentiate (2) with respect to x

2
d 21 =44+720(5:'\/§)

X

2
d 21 :44+720(5;+J§) o

Forallx >0,
x

.. A is a minimum.

Alternative Method
Use Second derivative test to show minimum

A _,, 1206+ J2)
3

=44 >0 forall x > 0.

X
.. A is a minimum.

Minimum 4 is 925 cm?® when x = 3.7440
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Solution

(a) From diagram 1, arc length = a6
From diagram 2, circumference of circle = 27zr

Observe that the are length of the sector in Diagram 1

is also the circumference of the circle in Diagram 2.

Thus a6l =2xr

ab
P = e 1
5, ©)
By Pythagoras Theorem
A= e, 2)

Substitute (1) into (2)

a=n +[a_€j2
2

(b) V= %x base area x height

=%x(ﬂr2)><h .......................... @)

Substitute (1) and (3) into (4)

1 (a&jz ) (aﬁjz
=—X| | — X la” —| —

3 2 2

1 a6 , a'¢’

=—x——x,|la" ———
3 47 47*

a0 | da’
EETR A

22
_4 0 x L (477 -07)
12 2z
3n2
:;1492 (47> —6*) < square both sides
Ve

6 n4
a6

5767

& (47° =6*)  (ShowWn) ...oroeee.... )

)

Diagram 1

Diagram 2



(¢) Given that radius is 2, substitute a =2 into (5)
2 2°0*
576x°

(47 -6%)

1
e (47°6* - 6°)

V2=

Differentiate V' with respect to &

2Vj—2:914(16ﬁ203—695)
T
3
= ;94 87* -36%)
T

At maximum volume of the container, j—g =0.

26°
72_4
6 (87> -30°)=0

2 2
6 =0 (Rejected since 6 >0) or 6=, /8% or =—, /8% (Rejected since 4 > 0)

2
Substitute 6 = ,/8’3’ into (5)
2 2
- 87 (%j Ar 87
3 (37 3

8 [4r?

9V 3

16y3

27

ie. 87> -36*)=0
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Solution

(a) Let 4 be half the height of the cylinder.
By Pythagoras Theorem
B +xt=n
B =n?—y?

h=+n*—x*

. the height of the cylinder = 2+/n* — x>

Let A be the surface area of the cylinder

A = 2z (radius)(height of the cylinder)
A = r(diameter)(height of the cylinder)

=zx(2\n’ —x%)
=2zx\n’ —x*
A=27axn> —x* (Shown) .......cccceoevuu.... (1)

(b) Differentiate (1) with respect to x

(27x) % (—2x)

dA_ [ 2

E—Zﬂ' n—-x +——--- ﬂ
B Y 27x
=2n\Nn" —x —2—

n* —x*

B 2x(n* —x*)=27x
B N

2 2
2zn” —4rxx

2 2
n —Xx

. . d4
For maximum surface area of the cylinder, o =0

2 2
2zn” —4rx

[ 2 2
n —x

27n* —4nx* =0

=0

n=2x*=0
2
©=L
2
n n . .
x= or x=—— (Rejected since n > 0)

7 N



Use Second Derivative Test to show maximum
1
N2 =x2(=87x) - 2xn® —4rx?) —————
d*4 hm N

dx? - (n* =x%)

—2x)

B (n* = x*)(—87zx) + x(27n* —4xx?)
(n* —x*)Wn* —x*
27x(2x” =3n%)

n*—x*Wn' —x*

. . n
Hence 4 is a maximum at x = ﬁ

(Alternative Method) Use First Derivative Test to show maximum

dd _ 27(n—2x)(n+~2x)
dx I’l2 —xz

For any x > 0, (n+«/§x) >0and Vn’—x> >0

When x < —, (n— fx)<0

\/—
d4 272'(]’1 x/—x)(n+\/—x)
A I -

Whenx>\/, (n—- \/—x)>0
%:27r(n—«/_x)(n+\/_x)>0
dx Jn? =¥

%
o V2
<0
(n—2x)<0 | 0 >0

Sign ofﬂ
dx

. . n
Hence 4 is a maximum at x = —.
2



n
diameter _ 2

height ) ’n 2 ﬁ
2

(©

.. the ratio of diameter to height is 1: 2
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Solution

(a) Let r be the radius of cylinder

By Pythagoras Theorem > X
P+l =a
F=NG =1 e )

S = Internal cylindrical area + external curved surface area of the spherical ring (given)

=27rh+47ah ..o 2)
Substitute (1) into (2)
S =4zah+4nha® —h*
=dzh(a+\a® —h)  (ShOWN) weoororrrrrreereereeee 3)

(b) Differentiate (3) with respect to 4

as — 1( -2k
E—‘lﬂ'(a'i‘ a —h )+4ﬂhX5(WJ

2
=4n(a+~a* —}12)—42”—}[2
Na —h

M 2
=47x| (a+~a* —hz)—i}
L N
a2 _h2 _h2
N ]

2 2
:47[ aJ,-ﬂj
a’—n’

=4r|a+

For maximum value of S, let Z—Z =0

@ -a*Y =a*(a® - 1)
4t —ah'a’ +a' =a* - a’?
4h* -3h'a’ =0
W (4h* =3a*)=0

B

h= Ta or h= —g (Rejected since 2> 0) & =0 (Rejected since / > 0)



Substitute & = %a into (3)

Max value of S = 47[[?41](51 + }az —%azj

= Zﬁﬂa(a + %a}
=337a’
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Solution

(a) By Pythagoras Theorem

2
P+ (EJ =5
2 h
2 2
P05 :
4
4r* + h* =100
. since h >0, h=+100—47"
=4(25-r7)
= 20257 e €))
ZAEF 7 T 2)
Substitute (1) into (2)
=7r*(2V25-17)
=27 (V25=72)  (ShOWN) weooveeerererreeerennes 3)

(b) Differentiate (3) with respect to

v — (1 1
$=2ﬂ|:27’ 25—r" +r (EJ(WJ(—QJ‘)}

For maximum volume, ((11_V =0

r
3
2251 ——L =0
25—r2
3
212512 S
25—7
2r25-1* =¢?
50r -3 =0
2 :53—0, r+0
50 5J6

sincer >0, r=,[—=——
3 3

Use First Derivative Test to show maximum

N Y ST B ECC B O

3 3 3
vl ]
dr

/ 50 . .
L= 3 gives a maximum volume.

=



(Alternative Method) Use Second Derivative Test to show maximum
a’v

2
r

[50 . .
L r= ? g1VEeS a maximum volume.

Substitute r = /? into (3)
50) [50)
Maximum volume, V = 272'[ ?J 25_( ?]

_300
33
5003

9

=-217.65<0

T

.. the maximum value of V' is

50043
9 T Cm
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Solution

(a) Let centre of the sphere be P.
By Pythagoras Theorem
AC? =04 +OC?
AC? =W +R? oo €))

Using similar triangles APD and ACO,

P4 _rD

AC  OC

h—a _a

AC R

ac-Fh=Ra . @)

a

Substitute (1) into (2)

2
(Rh—RaJ SRR
a
R*h* —2R’ha+R’a’ = h*a’ + R*a’
R*(h* =2ha) = h*a’

S R=—"_ (Shown)

(h* —2ha)

(Alternative Method)
Let centre of the sphere be P.

AD =~ AP* — PD’

Using congruent triangles PCO and PCD, CO =CD = R cm.
AC =AD+DC

= J(B* =2ha) + R oo @)

Substitute (4) into (3)
(J(W* =2ha)+R)’ =h* +R*
h* +R* =h* —2ha+2R\(h* - 2ha) + R*

ha



(b) Volume of cone, V = %ﬂth .......................... (6)

Substitute (5) into (6)

—ln' —ha 2h
37\ N =2ha)

Differentiate (7) with respect to A

dv 1 _ | 2h(h—2a)-HK’
—=—7a - oz
dn 3 (h—2a)’

1 | h*—4ha
=—ra'| ———

3 (h—2a)’
_l”az h(h—4a)

3 (h—2a)’
.. dr
For minimum volume of the cone, — =0

lzmz h(h—4a2) 0
3 (h—2a)
h(h—4a)
(h—2a)’
h(h—4a)=0
h=4a or h=0 (reject h > 0)

Use First Derivative Test to show minimum

h (4a) | 4a (4a)
. dv
Sign of —ve 0 +ve
dh
Tangent \ — /

Thus, V' is a minumum at /2 = 4a.
Substitute 4 = 4a into (7)

,_(4a)’

.. 1
CS.minimum V =—ra
3 4a-2a

8
=—za’ em®
3

.. . .8
. the minimum volume of the cone in terms of @ is —7a’® cm®.



Exercise 10

D Maxima and Minima Problems involving similar triangles

24
Solution

(a) Using similar triangles

r__3
x 5
="
2
6x
S 1 Shown
. (1) (Shown)

m

0
(b) Let the length of AC be L
By Pythagoras Theorem, *
=X+ e, 2) 1
Substitute (1) into (2)
6x Y “
r=x +( ] ................... 3 )
2x-5 @

Differentiate (3) with respect to x

2L%:2x+2( 6x j{(Zx—S)(6)—6x(2)}
dx 2x-5 (2x—5)

_ 2x(2x—5)’ +12x(-30)
B (2x-5)

At minimum length of AC, let % =0.

2x(2x-5)* +12x(-30) _
(2x-5)°

2x(2x—5)’ =360x =0

2x[ (2x-5)'-180 ] =0

5+3/180
¥=——"—0

0

r x =0 (rejected

Use First Derivative test to show AC is minimum

x (5.3231) | 5.3231 | (5.3231)

Sign of dar —ve 0 + ve
dx

.. AC is a minimum when x = 5.3231

o x>0)



Substitute x = 5.3231 into (3)

2
I’ =x2+( 6x J
2x-=5

_ J(s.3231y" 4| 663231 ’
’ 2(5.3231)-5

=771

.. the minimum length of AC is 7.77 m

Since dimension of mirror =5 < 7.767
.. the mover is able to carry the mirror through the corridors.
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Solution

(a) Let & denote the leight of the cylinder in cm.

By similar triangles,

9 .5
9-h r
9
2
3r
B=9—— e 1
2 (1)
Volume of the cylinder, V = 772l ...c..cocovveveeeerennn )
Substitute (1) into (2)

(b) Differentiate (3) with respect to
a = 3—7[(121’ -3r)
d 2

. dv
For stationary value, - =0
r

12r =31 =0
3r(4-r)=0

r =0 (Rejected, since » >0) or r=4

Use Second Derivative test to show 7 is maximum

&’V 3z
—="=—(12-6
dr? 2 ( )
When r =4,

2
=Tl
dr 2

=-187<0

*. maximum value of V' occurs when r = 4

Substitute » = 4 into (3)
V =n(4) [9 - @j
2
=487

. the maximum value of V is 487 cm’

9cm
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Solution

(a) By similar triangles, AN
BE _ AB S
CD  AC S
x AB
2x  AB+k
1 4B
2 AB+k
AB=k

Volume of the frustum, V = %H(ZX)Z 2k —%ﬂ(x)2 k

= Z7rx2k
3

Given that the volume of the frustum is 49 cm®, V =49

49 :Zﬂxzk

Let the slant height, AD be /
By observation, AACD is twice AABE.

o AE = l1
2

By Pythagoras Theorem,
AD* = (2x*) +(2k)?
P =Q2x")+(2k) e 2)

Total curved surface area
S =7(2x)(AD)—nx(AE)

S=rm2x)(1)—- ﬂx(%l)
=§7le
2

9
S* =2 X e 3
4 3)
Substitute (1) into (3)

S? = %ﬂzxz [@x")+(2k) ]

Substitute (2) into S* = %ﬂzxz [(2x")+(2k) ]
9 Lol o, (42
=— 2x7)+
47T * {( *) (ﬂsz
S =, [977x" + 39?9 (ShOWN) ..o 4)
X




(b) Differentiate (4) with respect to x

25% =367°x — 79? S e )

X

For to be S minimum, C}ES =0

7938

1.e. 367°x° — 5 0
X

3677x° —7938 =0
Using GC, x=1.67822 (x> 0)

Substitute x =1.67822 into (1)
o2
7(1.67822)
=2.37340

Use Second Derivative test to show S is minimum

Differentiate (5) with respect to x

2 2
2(£j +2S¥ — 1087 + 22814
dx dx

4
X

When x =1.67822, %: Oand S >0

S _ L ogprt 4 23814

2§—= —>0
X

o x=1.68 and k£ =2.37 give minimum S.

Alternative Method (Use First Derivative test to show minimum)

7938 | 7938 ( 7938
X H 2 5 2 $ 2
367 367" (V367
dy
= -ve 0 +ve

dx

Slope \ . Ve

Therefore x =1.678 and k£ =2.37 gives minimum S.
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(a) Volume of the artwork, V' = %ﬂ'th —%7[(4)3

=lﬂR2h—%ﬂ' .................................. €))
3 3

By similar triangles, R
R 3
P+R h
W'R* = 25(h2 +R2) (24 R?
, 25K

T m—— 2)

Substitute (2) into (1)

2
Vzlﬂ' ESh h—%ﬂ'
3 (A" =25 3

”( 250° j_@ .............................. (3) (Shown)

T3 P25

Differentiate (3) with respect to %
ar 257[((h2 —25)(31*) - h’(2h) 0o
dn 3| (W —25)

_ 25z (W’ =75)
3 | (P -25)

For minimum volume of the artwork, let (:1—: =0.

25_;;[};2(112—75)]:0

3 (h*-25)
W (h*=75)=0
Since /& =0, h-75=0
h=+/75 (Since h>0)
=53

Use First Derivative test to show V' is minimum

h=(75) | h=(5)|h=(75)
W <75 =75\ h>175

2_ dv 2
v 25e( WK -15) th75<0 o th75>0
dh 3 | (B*-25)

—=>)
an =0 an

gradient \ — /

.. When h = 5\/5, V' is minimum.



Alternative Method (Use Second Derivative test to show V' is minimum)
Differentiate (4) with respect to %

d*V  (h* —25)(4h> —150h) - 2(h* — 25)(2h)(h*)(h* —75)

dan (h* - 25)"

d
When 4 =53, W=0.51962>0

. when 4 = 5\/5 , V' is minimum.

Substitute /4 = 5\/§ into (3)

y :E( 25(53)° j_ 1287
3532 -25) 3

= 206.046

. the minimum volume of the artwork is 206 cm’ (3s.f.)
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Solution

(a) By Pythagoras's theorem,
OB = 04" - 4B’
=vJR -x’
Using similar triangles,
BD_BE
GF GE

h_R+JR -¥

L 2R

Given S = gxh ............................ @)
Substitute (1) into (2)
§= i){L(R + M)}
37| 2R
_2LR+VR -

Shown
IR ( )

(b) Differentiate (3) with respect to x

e eS|

d 3R

2JR*—x?
_2L| 2+ 2R ¥ (R++R*—x?)
3R WR -

For stationary value, % =0

2L 22 + 2R - (R+VR - ) o
3R WR - X

20+ 2R = (R+R* =x*)=0
—2x* +2R\R* — x> +2R*-2x> =0
2R* —4x* +2RR* —x* =0
RVR* —x* =2x" - R’
R*(R*—x*)=4x*-4x’R*+R*

4x* =3x’R?

x= gR (since x > 0)



Llgs /RZ—ERZ
h 2R 4
—=

By

2
= %(R + /Rz —%RZ ](ﬁj
(3

" 2R
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Solution

(a) By Pythagoras Theorem,
AB* = AE* + EB’

AE =(h—1)" -1
Using similar triangles a
AC CD
AE EB ; »
h r

w/(h—1)2—1:1

V=

____r
(h* =2h+1)-1
2 h’

W —2h

Substitute (1) into (2)

V:lﬂ(ijh
3 \h-2

_ h?
3(h-2)

(b) Differentiate (3) with respect to A
AV x(h—2)h-h*(1)
dn 3 (h-2)
_ h(h—4)
© 3(h-2)

For smallest volume of the cone, set i—: =0

h(h—4)
=0
3(h-2)
h(h—4)=0
h=0 (Rejected, since #>0) or h=4

Substitute & = 4 into (1)
7"2 —4

T42

r=+2

The value of r is \/5 and the value of 4 is 4



Use First Derivative test to show V' is minimum

[ [0 [

dV

— —ve 0 +ve
dh

Slope \ — /

..V is the smallest when » = \/5



Exercise 10

E Maxima and Minima Problems involving Trigonometric Functions

30
Solution

(a) Refer to the diagram.
Using trigonometric ratios,

DM
tan @ = T

Scm|i

.. DM =5tané

cosf = i
AD

AD =58eCH oo, )

Given AD+ AB+BC =20 ...ccccoveveceeeerennnn, 2)
Substitute (1) into (2)
S5secf+ AB+5secd =20
AB=20-10secd

Area of trapezium ABCD,A = %(BN Y(AB+ DC)

= %(5)[(20 —10sec )+ (20 —10secd) +2(5tan 6))]

=100-50sec+25tan @  (Shown) .......ccceevvveevennens

(b) Differentiate (3) with respect to 6

% =-50sec@tan @ + 25sec’ 0
de

For maximum area ABCD, let % =0

ie. —50secOtanf+25sec’d=0

25secH(—2tanf +secd) =0
25secd =0 (nosolution) or 2tand =secl

Substitute @ =% into (3)

A=100-50sec| Z | +25tan f)
6 6

= 100—50[%]+25[%J
:100—E

NE)

=(100—25+/3) cm?

.. the maximum area of trapezium ABCD is (100 — 253 )em?
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(a) Let & = vertical height of cone.

h=BC+ AC
h=r+ .r
sin @
= (145in0) (ShOWN) weooooeerrrrrrrn, (1)
sin @

Radius of the cone
h
.. Radius of the cone = A tan @

(b) tand=

h

cosf = -
Slant height of the cone

.. Slant height of the cone =

cos@

Area of metal used, 4 = 7(Radius of the cone)(Slant height of the cone)

=x(h tanﬁ)[ h HJ
cos

sin @ h
B ”(h)(cosé’)[cosﬁj

in &
=zt | 2 j ............................. 2
g (00529 @

Substitute (1) into (2)

- ”KLJ (1+sin 9)} (ﬂj
sin @ cos” @

r sin @ j
= 1+sin6)*
”Lin20( ) }(00520

zr*(1+sin 0)*
sin@cos” @
7’ (1+sin 8)*
sin @(1—sin” )

7r* (1+sin @)(1+sin 6)
sin &(1 —sin B)(1 + sin &)

B 7r*(1+sin @)
sin &(1 —sin @)




(¢) Lets=sind

2
From (3): 4= zr(+s)
s(1—s)
B zri(1+5)
(s—s")
Differentiate 4 with respect to s
d4 | s(T=s)D) =1+ s)(1-2s)
—=7r
ds (s—s°)

For 4 is minimum, let — =0
ds

2{s(1—s)(1)—(1+s)(1—2s)}:0
(s—s%)
sl=-s)D)-1+s5)(1-25)=0
S +25-1=0
S:—Zi«/m
2

“1+20r—-1-+2 (Rejected since s > 0)

Use First Derivative test to show 4 is minimum

04 | —1++42 | 05

0 +ve

—Ve

& | =

Therefore, 4 is minimum when sinf =s=—-1+ V2 (Shown)
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Solution

(a) From the diagram,

Using trigonometric ratios,
BP
cosfd=—
OB

14 a

cosf =

cos20 =2cos* 6 -1

2
:2(;J »
Nt +a®

277 r+d’

r+at rr+ad
2 2

r’—a

=——— (Shown)
r’+a

(b) Let T be the total surface area of the cone and the slant height of the

cone be BH. "
Using trigonometric ratios
cos20 = BrP
BH
BH=—"
cos26
20
B P

I

T = Curved surface area + Base area of the cone
T = nr(BH)+ n(BP)’

(i)
=7rr +7r
cos260

2 1 2
=7r +7r a
(cos 20)

=xr ( ! + IJ
cos26

2 2

2 +a
=7r’| —+1

P —a




Differentiate T with respect to

dr 81 (r* —a®) =271t (2r)

dr (r*-a’)
B dzr’ (r* —2a%)
(r2 _a2)2

For stationary, let ar =0
dr
drr’ (r* —2a%) _
(r2 _ a2 )2
(r=~2a)(r +~2a)=0
r=~2a or r=—/2a (Rejected, since r > 0)

0

Use Second Derivative Test

¢T_, (7 =a’) (5r* =6a’r) (" —2a")[ 20 —a*)(2r) |

&’ - (r2 —a2)4
When r = \/Ea,
. (@*)*(20a* —12a*)-0
(@)
=327>0

Hence r =~/2a gives minimum 7.

Substitute = /2a into )

_ 27r(\/§a)4
(\/Ea)z —a2
=87za’

. the minimum 7 is 874*
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Solution

(a) Refer to the diagram.

Using trigonometric ratios,
. 3
sinf =——
BD

3
sin @ [

~ BD=

AB = AD—-BD
3
sin @

:8—

Let the area of the flower bed be 4.
A = Area of rectangle ABEC + Area of triangle BED

=AB><BE+%><DE><BE

3 1 3
{8‘51{19}“)*5(@](”

=24 —-9cosect +%cot‘9 ............................. (1) (Shown)

(b) Differentiate (1) with respect to &

A= 24—9cosec0+%cot6’

% = 9cot¢9005609—2coseczé’
de 2

_9cos«9>< 1 3 9
sin@ sind 2sin’6@
_9cos® 9

sin?@ 2sin’ @

_ 2 2cosd—1
2 (sin@)’
For stationary, let % =0,
do

9(2cosf—1

S e e |50

2{ (sin@)
2cosfd =1

0="
3

3m



Use First Derivative test to show 4 is largest

e 1316 |3
3 3 3
dA
P + 0 —
dé
— —_— T~

.. the area is largest when 0 = %
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Solution

(a) Consider AMNO
Using cosine rule,

2 =X+ P = 2XPCOSA o (1)

Given that the residential and commercial developments have the same area size,
i.e. Area of the triangle MNQ = Area quadrilateral RPNM

1 1
2| —xysina |=—(1.5)(1.8)sinx
(2 y j 2( )(1.8)

XY =135 o 2)
= LS 3)
X

Substitute (2) and (3)in (1) :
2
2 =x"+ (ﬂj -2(1.35)cosx
x

1.8225

2
X

2 2
zm =X+

—2.7cosa  (ShOWn) .....ccoccvevevvveeennnnnn. 4)

(b) Differentiate (4) with respect to x,
2o g, 3045
dx X

e . dz
For minimise construction costs, let a =0

3.645

x3

22(0) =2x—

3.645

3
X

2x*-3.645=0

2x 0

x* =1.8225

x=+/1.8225 or x=-31.8225 (Rejected since x > 0)
=1.16189
=1.162m (3dp)

Alternative solution

2
- 2.7cosaj

2

( , 1.8225
+
X

1
dz :l(xz + 1'82225 - 2.7cosaj ’ (2):——2(1'83225))
dx 2 X

X
B 1 2(1.8225)
- 1.8225 (Zx— P j
2, Xt += —2.7cosa

2
X




©

C . dz
For minimise construction costs, let a =0

For stationary values of z, % =0

1 (5 2(1.83225)} ~o
2\/x2 + 1.212225 —2.7cosa \ o
. 3.6345 “0
X
2x* —3.645=0
2x* =1.8225

x=31.8225=1.16189 or x=-%1.8225

Use Second Derivative test to show z is minimum

Differentiate (4) with respect to x

2 2
2(Ej +2zd—f - 2+—10'9435
dx dx X

For the value of z to be minimum, % =0

10.935
dx? " x*

d’z 1( 10.935)

— = 2+—

dx 2z X

2
d_fzi(z
dx 2z

Hence the length of MN is a minimum when x =1.162 m (3 decimal places)

For x =%/1.8225 and z > 0,

10.935
+——>1>0
1.8225

(1.8,2.45)

{1.16,1.35)

o

(Rejected since x > 0)
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(a) Refer to the diagram.

Using trigonometric ratios,

1.2
cosd =— B
a B
12 E
cosé b 96 *0
b 9.6 EAD
a a C
Sinﬁzﬁ A HD
b 0 P
96 A % D E C .
. b=—=
sin @ 1.2
AB=a+b
x=a+b
1.2 9.6
= +—
cosd sind
=1.2secd+9.6cosecd (Shown) ........cccceevrvevreenennne. (1)

(b) Differentiate (4) with respect to x,

% =1.2secOtand —9.6coseclcot &

For the length rod to be longest, % =0.

1.2sec@tan @ —9.6cosecHcotd =0
1.2secHtan @ = 9.6cosecHcotd

[ 1 j(sin@j_g( 1 j(cos@j
cosd )\ cos@ sind )\ sin@
sin’ @ =8cos’ @

sin’ @

cos’ @

1
tan @ = (8)°
=2

d*x
d6?

= 1.2[secé’tan2 6 +sec’ 9] - 9.6[—cosecﬁcot29 - cosec30]
= 1.2[sec€tan2 6 +sec’ 6] + 9.6[c0s ecOcot’fcos ec3:9J
When 6 = tan™' 2 which is acute,

d*x

de’

=402 (3s.£)>0

. x is minimum when 6 = tan™' 2 rad.

Since tanf =2, sinf = i and cosd =

75 i 2




Length of longest metal rod
=1.2secf +9.6cosecd

—12(J§y+9ﬁ(1§ij
:6\/§m

Note
Since x is minimum when @ = tan™' 2 rad, the two walls and this distance will correspond to the maximum length of thin rod

that can be carried horizontally into the room.

(¢) From the diagram, 15
[=69+12=8.1
L 9.6
By Pythagoras Theorem,
L=+8.1"+9.6°
_ 5T LR
=12.6m (3s.f) 7 -

The length of the longest thin rod that can be carried into this roomis 12.6 m.
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Solution

(a) Let x be distance that the car starts at point S run in ¢ seconds.

. . . dx
Given that the car is travelling a constant speed of p m/s,— = p
t

Refer to the diagram.

tand = % .............................. ) E—
s
Differentiate § with respect to ¢, ]
sec’ 9% = L 2)
dr 10 dr 10
When x =10, substitute x =10 into (1) 0
C
tan6 = 10
10
0==
4

Substitute @ =% into (2)

do 1 p

dt 10 2[ﬁj
S€C —
4
_p[LY
10( 2

-P
20

.. 0 is increasing at the rate of 2%) radians/s

(b) Given that Car 4 travels at a constant speed of 2¢ m/s
.. the distance that the car A covers after 7 seconds = 2¢gT
Refer to the diagram.

2qT
tan(a + p) =——
(a+p) 10
_ar < 2

5 st———»B
a+ = tan™' (%J

Given that Car B travels at a constant speed of ¢ m/s

h;V

10
o
.. the distance that the car A covers after T seconds = gT
Refer to the diagram.

tanotzﬂ
10

a=tan™ (ﬂj
10



Substitute (2) into (1)

)
=

a+y:tan'l(

i qt gt
tan”'| = |+ g =tan"'| —
(10} g (sj
4 =tan"' (%tj —tan”' (%) (Shown)

(c) Differentiate (3) with respect to ¢,

qu,l

q 9
deg 5 0

dt 2 2
1+(qt) 1+(th
5 10

For maximum value of z, let du =0

ol GG CHIE

3
%+q2‘2 9 4 2

500 10 250
q9_9q p
10 500
50
t= 7
52
q
Substitute ¢ = @ into (1)
lu:tan’l 1@ _tan’l i@
5 ¢ 10 ¢

=tan™ \/E —tan™ g

=0.340 radians

Use Second Derivative test to show x is maximum

. 3 2q4°t 3 24°t
dp _ 125 1000

i




When ¢* = 2,

q
_Lff J50 B 2¢° (/50
eu 1250 ¢ 1000 ¢
e (1+2) ( 1]2
1+E

= 2q2@(_—1+ b j

125(9) ' 1000(9)
V50

=30 oy
11257

. . 542
Hence y is a maximum when ¢ = ——.
q
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Solution

(a) Refer to the diagram.

Using trigonometric ratios,

sinHzQ

PO
sinﬂzg
1

. FQ=11sind

EQ

cosf =—
P

cosH:E—lg
. EQ=11cosf

X =(FT - FQ)(ES - EQ)

=(13-11sin@)(13-11cos ) .....cccceuc..

Differentiate (1) with respect to 6,
dx

—=(-11cosH)(13—-11cos @)+ (13—-11sin #)(11sin &)

deo

26 m

=—143cos@+121cos* @ +143sin @ —121sin> 0

=143sin @ —143cos @ +121(cos @ —sin @)(cos & +sin &)

=143sin & —143cos @ —121(sin & — cos &)(cos O + sin )
=11(13(sin @ —cos 8)) —121(sin & — cos &)(cos 8 + sin )
=11(sin@ —cosF)(13-11sind—11cosd) (Shown)

(b) For stationary values of X, let % =0.

i.e. l1(sin@—cos@)(13—11sind—11cosf)=0
(sinf —cos@)(13—-11sinf—11cosd)=0

sin@—cos@=0 or 13-11sinfd—11cos@d=0

tand =1 or

0==
4

bl
Il

N
Il

2. 6,=Z and 0,=0.2039
474

11sin@+11cosfd =13

V2 sin(m%j

_B3

11
13
1142

0+%:0.98935

<1 Using R - formula

6=0.20396 since 0<@< %



(¢) Using first derivative test

(7 0.78 0.79

N

ax 0215>0 | 0 —0.183<0
de

. . T
Hence X is a maximum when 6, = 7

Using first derivative test

7 0.203 0.20396 0.204
% —0.06997 <0 0 0.00318>0

Hence X is a minimum when 6, = 0.20396

Alernative Method (Second Derivative Test)

%=—143c059+121c0529+1435in6—1215in26
d’Xx . . .
10 =143sin8 —242cos@sin @ +143cos @ —242sin G cos f
=143sin6 — 484 cos@sin@ +143cos
2
d—)f =-39.8<0
do” |, =
T4
2
d )2( =72.999>0
de 0=0.20396

Hence X is a maximum when 6 = % and X is a minimum when @ = 0.20396.

To find the minimum area covered by grass, we have to use the maximum area X.
Smallest area covered by grass

=676-4(27.3)—z(11)

=187 m’






Exercise 10

F Maxima and Minima Problems involving Conics
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Solution
2 2
Given 242 =1 e, 1)
36 9

From the diagram, the point (p, ¢) lies on the ellipse.
Substitute (p, g) into (1)

2 2
p_+q__1
36 9
2
=36—4G" oo @)

Area of rectangle, 4 =(2p)(2q) < square both sides
2
A" =[4pq)]

A =16D°G e, 3)
Substitute (2) into (3)

£ =16(36-4¢°)q"
=64¢°(9—¢") (Shown) ....cocovvvrrrrrirriene. )

Differentiate (4) with respect to ¢

2A(;ﬂ =1152¢ —2564° < differentiate implicity .............cocrvrrennnn.. (5)
q
. d4
For largest possible area of the rectangle, let o =0
ie. 24(0)=1152g -2564°
11529 -256¢" =0
q(1152-2564°)=0
1152 9
=0 (rejected sinceg > 0) or ¢° =——=—
q=0(rej g>0)or ¢ =——-=7
q= % or g= —# (rejected, since g > 0)



Use Second Derivative test to verify largest possible area of the rectangle
Differentiate (4) with respect to ¢

2 2
(2A)%+2 u =1152-768¢"
dg dg

When %=o, q =2,
dg 2

2 2
d f+2(0)2 :1152—768(2
dg 2

(24)

9 2
,  1152-768| =
d’4 2)
dg’ 24

. . 3V2
.. the rectangle is maximum when ¢ = —

. W2 .
When g = #, substitute g = Tf into (1)

9

2 =36-4| 2

b @
p=8
=32

Hence the exact length and width of the largest possible area of the rectangle are 6+/2 and 342 respectively.
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Solution
2 2
. Y
Given —+—=1
a b
x2
Y =b (1——2J .............................. 1)
a
Let the volume of the cylinder be V.
V =7y’ (2x)
= 2XP% e 2)

Substitute (1) into (2)

2
V= 27rb2x[1 —X—J

2
a

2 2
= 27h*x— Zf X oo 3)

Differentiate (3) with respect to x
2
W oy - 6”2b x°
dx a

For maximum volume of the cylinder, let % =0

2
P L
a
27rb2[1——2x2j=0
a
1—izx2 =0
a
eI
3
x=L o x=-2% (Rejected, since x > 0)
3 3 ’

Use Second Derivative Test to show V' is maximum
v _ 127b°x
dx’ - a>

2 2
For for all x > 0, ix—lj:—%<0
a

g

Hence V' is maximum for x =



Na

- 27rab? B 27ab®
NEIECNC)

B 4rab®

33

Therefore maximum volume of the cylinder is

Substitute x = into (3)

units’.

rab
33
Ratio of the maximum volume of the cylinder to that of the volume enclosed by the ellipsoid
4rab® 4rwab’
333
=1: \/g




Exercise 10

G Maxima and Minima Problems involving Costing

40
Solution
. . 1200
(a) Number of times that the manager needs to order in a year =
X

Total ordering cost = 50(@j _ 60000

X X
C = Storage Cost + Purchase Cost + Ordering Cost
60000

X

=6x+200(1200) +

60000
X

.. the estimated total cost for the year, $ C, is C = 6x + 240000 + e —————— (1) (Shown)

(b) Differentiate (1) with respect to x

dc 60000
6T e )

X

When C is minimum, let % =0

6 600200 —0
X
600200 -6
X
x* =10000

x=100 or x=-100 (rejected since x > 0)

Use Second Derivative Test to show C is minimum

Differentiate (2) with respect to x

d*C 120000
dx? B X
d*’c

> >0 forallx>0

.. C is minimum when x =100

Substitute x =100 into (1)

C =6(100) +240000 +% =$241200

Therefore minimum value of C is $241200.

(¢) This is not a reasonable model as various components of the cost differs depending on external factors such as the

economical climate and real estate climate. For example the rental cost of warehouse will differs from year to year.



(d) Lety be the number of television sets sold.
1200-0

Gradient of the ine=———=-3
300-700

Equantion of the line,
y—1200=-3(S -300)
y=-35+900+1200
=-35+2100

.. the equation of the line represents the number of television sets sold is y =—35 + 2100.

P =Total Selling Price — Total Cost

= (number units of television sets) x (selling price) — Total Cost

= 1S — 24000
= (=38 +2100)S — 240000
=2100S — 38 = 240000 ...oovvvveeereeereeeeeeee (1)

(e) Differentiate (1) with respect to S

£:2100—6S .............................. )]
ds

When P is stationary, ar =0
ds
2100-6S =0
S =350
Differentiate (2) with respect to S
d’p
ds?

=-6<0 (maximum)

Therefore when S is $350, P is maximum.
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Solution

Volume of the box = (Length) x (width) x (height)
=XXXXY
Given that the volume of the box is 27000 cm’,
27000 = x*y

Area of cardboard used, 4 = 2" +2X) coeveverernernnn. 2)
Substitute (1) into (2)

2
X

108000
+ —_—
x
Length of ribbonused, L =2x+2y .ccoecvevveernnnne 3)
Substitute (1) into (3)

A=2x"+ ZX( 27000)

A=2x*

54000

2
X

L=2x+

Let C be the total cost of the cardboard and tape
C=80.024+50.01L

= o.oz(zx2 + 108000j+ 0.01[2x+ 54000]

2
X X

—0.04x> + 2190 L 0,02 +l20 ...................... @)

X X

Differentiate (4) with respect to x

E =0.08x— 21?0 + 0.02——10§0
dx X x

.. dc
For minimum total cost, E =0,

2160 1 1p 1080 _

0.08x -~ =0

0.08x* +0.02x" —2160x —1080 = 0
From GC, x =30.08 or x =-0.50 (rejected since x > 0)

Substitute x = 30.08 into (1)
27000

7= 30.08)

~29.84

Hence the values of x and y that yield a box with the least total cost of the cardboard and tape are x = 30.08 cm and 29.84 cm.
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Solution

(a) Total cost for applying a protective film,C = $.(flat surfaces) + $2k(curved surfaces)
= [k (3r) | +[ 27 (3r)’ (2k) + 277h(2K) |

= 4571k + dxrhk
_ 2
PR S S L S (1)
4rrk
Volume of the solid,V = %7:(31’)3 2 )

Substitute (1) into (2)

=18zr" —7[7‘2( ¢ —Erj

V :11—77rr3 _cr
4 4k

Differentiate J with respect to r

d_Vzﬂ,,@rZ) _£
dr 4 4k

At stationary value of V, (ji—V =0
r

m7[(3;”2) LS 0
4 4k
2 c

}" =
3517k

r= / ¢ or r=-— ¢ (Rejected, since r > 0)
3517k 3517k
C . .
r= when V' is stationary.
351xk

(b) Since & = 76.5r does not satisfy 4 < 3r, ..itis not possible for this solid to have a stationary value of V.
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Solution

Let 7 cm, 4 cm, ¥ cm® and 4 cm® denote the radius, the height, volume and total surface area of a cylindrical tin can respectively.
V=nr'h
Given that the volume of the can is 300 cm?®, ¥ = 300.
300 = 7zr’h

A=2mr* +2zrh b
Substitute (1) into (2)

A=2xr" +2xr (ﬁj

nr

For least value of 4, let ;ﬂ =0
r

47Z'V—ﬂ20:0
r
;150
T
150
Vv = 3——
T

Substitute r = ,#Q into (2)
T
2
150)3 600
—_— + N
i (150)
T
2 L
: ”(@]3 +600(@] 3
T T
1
- [@j ’ [mx[@jwooj
T T

1

- 900(L]3
150

A=27Z'(



Use Second Derivative Test to show the cost is minimum

d’4 1200
—=4r+—;
dr r
When r = 3/@,
V3
d’4 1200
—=4r+
o 2]
T
=127 >0

. S [150 . . -
Since 4 is minimum when » = 3}—. Hence the cost of producing a can is also minimum.
b4

1

.. the least cost (in cents) of producing a can is 900 [%)3 , where a =900, b =150 and k = 1



H Maxima and Minima Problems involving Speeds, Time and Distance
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Solution

(a) Given T refers to the total time taken in hours by the aquathlon to get from 4 to C and then to D.

Refer to the diagram. 1 km
<+—>
By Pythagoras Theorem, qu—km>c D
AB’+BC* = AC?
P +x*=4C°

1 km
AC=~1+x’

. the distance AC is v1+ x”.

Time taken from 4 to C

_ Distance AC
swiming speed

VI+x?

4

= %\/1 +x* hours

Refer to the diagram.
CD=BD-BC
CD=1-x

. the distance CD is V1+ x*.

Time taken from C to D
_ Distance CD

- Running speed

1-x
6

1
=—(1-x) hours
6( )

Hence, T =(Time taken from 4 to C)+ (Time taken from C to D)

(b) Differentiate (1) with respect to x

a7 (1)(1 TR

. x 1
W1+x> 6



. .. dr
For the time taken to be minimum, let a =0

S S
W1+x> 6
6x = 41+ x’

36x” =16+16x"

0

~a=20,b=0andc=-16

From (2):  20x° =16

X = \/g (since x > 0)

.. the minimum value of x is \/g
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Solution

(a) Refer to AAOP
Since OA4 = OP (radius)

" LCOA= 7[—2(%)

Consider triangle COP and using cosine rule,
CP’ = OP* + OC* - 2(OP)(OC)cos £ COA

=(1-x) +l—2(1—x)(1)c052Tﬁ

:1—2x+x2+1—2(1—x)[—%j

=3-3x+x*

CP=+/3-3x+x> (since CP>0) (Shown)

(b) Time taken to travel from A to P and then from P to C
_ Distance AP N Distance CP
speed on theroad speed on the rough ground

2
roX. 3-3x+x
5 3
Differentiate (1) with respect to x
a7 1. 1 2x-3

— ==+
dr 5 643-3x+x

For minimum value of 7', %:O
e, L1 2x23
5 643-3x+x"

~5(2x-3) =633 —3x+x°
25(4x” —12x+9) =36(3-3x+x7)
64x” —192x+117=0
Solving by GC: x=0.85048 or x =2.1495 (reject since 0 < x <1)
=0.850 (correct to 3 s.f.)



Using first derivative test to show 7 is minimum.

X 0.85048 | 0.85048 | 0.8504%8"
d—T —ve 0 +ve
dx
Slope \ — /

.. T is minimum when x = 0.850 km.

Substitute x = 0.850 into (1)

T

_0.85048 J3-3(0.852048) + (0.85048)’

=0.531 (3s.f)

3

.. the minimum value of 7" is 0.531 hours.




Exercise 10

I Maxima and Minima Problems involving Parametric Equations
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Solution
(a) When the projectile to hits x,, y =0 y
(vsintQ)t—%gt2 =0 v
1 4 o
t(vsinﬁ—zgtjzo o’ X

. . 1
t =0 (rejected as ¢ > 0) or vsm6’—Egt =0

2vsiné
=

g

(b) A:jo"’ydx

2vsin@ dX
=& y| = |dr
.[0 y( dl‘]

2vsin @

:J'O g ((Vsina)t—%gtzj(vcosé)dt

2vsin @
— 1 l 2
—(vcosﬁ)j0 g ((VSlng)f—ng }’f

2vsin @

:(vcosﬁ){(vsinﬁ)g—%g(gﬂ ’

. . N\2 LN
:(VCOSQ)[(\/Sln@)(szmH] _lg(2vsm«9] J
2 g 6 g

=(vcosh) [M - LZ(S)(vsin 9)3]
g 6g

=(vcos 9)[ 2 (vsind) ) J

3 g
_ 2v*sin’Gcosd
3¢’

(¢) Differentiate (1) with respect to 8

4
% _ ;VZ (sin’ O(—sin 8) + cos O(3sin>  cos 9)
g
2v*

=3 (3sin’ @ cos® O —sin* )



For maximum value of 4, let % =0

4
2v
2

(3sin” @cos’ O —sin* §) =0

sin® @(3cos’ @ —sin’ §) =0
3cos’@—sin’ @ =0 or sin’@=0
tan® @ =3 or sind=0
tanf =13 or 0=0 (rejected 6 > 0)
tan@ =+/3 or tand =—/3

6 :% (rejected as @ is acute, so tand > 0)

Substitute @ :% into (1)

2v* sin’ (”j cos (ﬁj
. 3)°%3

- 2

3g
3
vt ﬁ (lj
2 2
Vi3
= g
From (2):
4
% - §V2 (3sin” B cos” @ —sin* 6)
8

4
= 32v2 (% (4sin’ @ cos” ) —sin* 9)
g

2y

= —2(2 (sin20)* —sin* 6’)
3g7\4

Differentiate % with respect to &

2

d*4 2 (

T E(4sin 26 cos26) —4sin’ @ cos 9)

3g°\4
_ 2

- (E (sin40) —4sin’ O cos 6’)
3g°\2



When 6 =

(é( 1n—) 4sin’ —cos—j
3g*\2 3 3

o3 B) (B
el 2T

4

Hence maximum 4 = 3—‘; when 6 = z
8g 3
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Solution
(@) Given x=28(0coSO+1) ccovivieiiiieiieierien, €]
and  y=20(2-0SIN6) .ccccvriereeeee 2)

Differentiate (1) with respect to &

de = 28(cos @ —Hsin 9)
déo

Differentiate (2) with respect to &
dy .
— =20(—(sin@ +6Hcos O
0 (—( )
=-20(sin &+ & cos )

Using the Chain Rule,

dy
Y _a

dr &
dt
_ —5(sin @ + & cos 0)
7(cos @ —6sin )

. dy _ 5(sinf+6cosb)
" dx  7(cos@—0Osinb)

(b)(i) Given that the tangents to the curve is parallel to the y-axis at C and D, i.e. % = o0,

. d
Let denominator of the ay be zero.

7(cos@—0sind)=0
cos@ =0sinf
6=-0.86033 or 0.86033

. 6 =-0.86, 0.86 (correct to 2 significant figures)

(i) Substitute & =—-0.86033 into (1)
x=12.289
*. x-coordinate of C =12.289

Substitute & =0.86033 into (1)
x=43.710
*. x-coordinate of D =43.710

Distance CD =43.710-12.289
=31.4216

Greatest width, CD, of the loop =31.4 m (correct to 3 s.f)



(c)(i) Given x =28, substitute x = 28 into (1)
28(@cos@+1) =28

Bcosf+1=1
Hcosd =0
=0 or cosd=0

0=+Z, where |49|§2—7Z
2 3

.. the value of 8 at point 4 is 0.

(c)(ii) The 2 possible values of £ at B are J_r%

(c)(iii) Substitute & = 0 into (2)
y=20(2-0sin0)
=40
The y-coordinate at 4 is 40

Substitute € = % into (2)

T .7
=20| 2——sin—
g ( 2 2)
=8.584
The y-coordinate at B is 8.584
Length AB =40-8.584=31.4159

.. the distance 4B =31.4m (correct to 3s.f)

(d) From (b)(i) & =0.86033, substitute & = 0.86033 into (2)
v =20(2-0.860335in0.86033)
=26.956

The y-coordinate at E is 26.956
AE =40-26.956
=13.044

lCD=15.7108
2
1.2><%CD =18.85296

0.8 X%CD =12.56864

.. the safety range is (12.57,18.85)

Since AE is within the safety range, the design satisfies the condition.



Exercise 10

K Higher Order Questions

48

Solution

(a) Surface area of the rim

0.2 cm
= (Area of big circle) — (Area of small circle) \. } ---------

2
—alred] o2
5 : ; hem (h+0.2) cm

5]
=7m|r'+—r+—-r
5 25

1
=—x(10r+1 Shown
> ( ) ( )

(b) Let the volume of the can be V.

V=nrh
Given that the inner capacity of the canister is 1507 cm’, i.e. V =1507
1507 = zr’h
150
h = r—z .............................. (1)

Total surface area of the canister, 4
= (Surface area of the rim) + (Area of the base of the canister) + (Area of the inner base of the canister)

+(Area of the inner curved surface of the canister) + (Area of the outer curved surface of the canister)

2
:i7r(10r+1)+7rr2 +7r(r+lj +2ﬂrh+2ﬂ(r+lj(h+lj
25 5 5 5

=gﬂr+l+ﬂr2+7r rz+zr+L +2xrh+ 27w rh+lr+lh+L .............................. 2)
5 25 5 25 5 5 25

Substitute (1) into (2)
2 T 2 ) 2 1 150 150y 1 1(150) 1
s—ar+—+ar x| rit—r+— |+2xr| — |+ 27| r| — |t -rt—| — |t
5 25 5 25 r r 5 S5\Ur 25
2 V4 2 , 2 T 150 150y 1 1(150) 1
=—ar+t—+xr +ar’ t—ar+—+2xr| — |+27|r| — |+ -r+—=| — [t
5 25 5 25 r r 5 S5\r 25
=27r(r2 +gr+ij+27r[@j+2ﬂ' r(@}+lr+l(@J+L
5 25 r r 5 S5\r 25
2272'(7’2+§}"+%J+2ﬁ[@j+2ﬂ(@+lr+£+ij

r r 5 rr 25

27[(;”2 +§r+i+ﬂ+£] (Shown) ..ccveeevevieiiiieiieie 3)
5 25 r

2
7



(¢) Differentiate (3) with respect to

%:272'[27"4‘5——2— 3j .............................. (4)

r r r

For minimum value of 4, let ;ﬂ =0.
r

i.e. 272'(2)"4—2—@—@) =0
5 r

2r+———
5

By GC, r=5.2814 (- r>0)

Use First Derivative Test to show 4 is minimum

ro | 5.2814" | 5.2814 | 5.2814"
% <0 0 >0
dr

Slope \ — /

Hence 4 is minimum when » = 5.2814

(Alternative Method) Use Second Derivative Test to show minimum
Differentiate (4) with respect to r
d’4 ( 600 180]

=7 24 —+—

dr? P r

2
When r =5.2814, i—f: 72'(24-
r

1})+@):39.61 >0
r r

Therefore, A is minimum when » = 5.2814.

Substitute = 5.2814 into (3)

A=2x|r +§r+i+@+E
5 25 r r

=559.33
=559 (3s.f)

. the minimum 4 is 559 cm®

(d) Let x be the depth of water in the canister and volume of water in the canister be V.

a = 7r” (ris constant)
dx

Given i = 2r, substitute 4 = 2r into (5)

V =rxr*(2r)
V=2nr
Given that the inner capacity of the can is 1507 cm’, i.e. ¥ =150z
1507z =277

r=375



Using Chain Rule,

W _dr d
dt  dx dr
. . dr
Given that the volume of water in the canister is decreasing at a constant rate of 0.5 cm® per second, i.e. m =-0.5
—0.5=7r" x—
dr
dx_-05
dt  7r’
When r =3/75
dx 05
)
=-0.00895 cms™'

The rate of decrease of the depth of water is 0.00895 cms ™.
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(a) S =(Base area of the square pyramid) + 4(Area of the side of the pyramid)
=(2x)* +4x %(Zx)(l)

Given that the total external surface area of the candle is 144 cm?, i.e. S =144.

144 = (2x)" +4 x%(Zx)(l)

=38 (1)

X

Let H be the height of the square pyramid

Use Pythagoras Theorem,
H=AP =X e ) H /
S (20 N 2 A 3)

Substitute (1) into (3)

:ﬁ 12_x2

Substitute (1) into V' = % P =x
V= l(2)6)2 [ﬁ—xj —x’
3 X
= l(4x2) [ﬁj[ﬁ_ zxj
3 x )\ x
— @0, ) (?— 2)
X

=8v36x7 = 2x" e, (4) (Shown)

(b) Differentiate (4) with respect to x

dv [ 1 J 1 ;
— =8| = |———==(72x-8xX")
dx 2)y36x* —2x*
_ 32x(9- x%)
36x% —2x*
At stationary value V, let %/ =0

32x(9—x7%) _
J3ox' —2x*
32x(9-x*)=0
xB3-x)3+x)=0

1.e. 0

x=0or x=43

From context, x > 0. Hence x = 3.



Substitute x = 3 into (4)
Stationary V' = &/M
=8162
=8\812)
=8ON2

=72\2

~. Stationary V" is 72+/2 cm®  (Shown)

Use First Derivative Test to show V' is maximum

x 29| 3 3.1
7
ar 431 0 | 4.77
dx
Slope | / | — \

Hence V' is maximum when x = 3

(c) Let A, 2r, W be the depth of candle, side length of candle surface, volume of candle remaining after burning respectively.

From (1) Z=E—x
x

When x = 3 (given)
36

1=22-3
3

=9
Substitute / =9 and x = 3 into (2)
H=~9 -3

=62

Refer to the diagram.
By similar triangles,
_r 3 62
N2-h 62
h

1
=——(62-1h
r 22(\/7 ) 3

7



W = Volume of maximum candle — Volume of candle burn
=722 —%(Base area)(Height)
=722 —%(2r)2(6«/5 —h)
1(1 ,
=72\2 _E(Ej (652 =)

=722 —%(6& 3 )

Differentiate (5) with respect to ¢

aw 1 dh
=362 —h) (1) —
” 6( X ) ( )dt
aw 1 dn
= (N2 -h)—
de 2( ) dr
. 3 . dw
Given that the candle burns at a rate of 10 cm” per second, i.e. T3 =10
0=2dz-np Y (©6)
2 dr

Volume of candle remaining after burning after 6 seconds, W

=10 cm’ per second x 6
=60
Substitute w = 60 into (5)

60 = 7232 —%(6«6 —hy
h=2.1778 (correct to 5 sf)
.. the height of the candle after burning after 6 seconds, 7 =2.1778
Substitute # = 2.1778 into (6)
10=1(6v2-2.1778)" dr
2 dt

% =0.503 (correct to 3 sf)

The rate of change of the height of the candle after 6 seconds is increasing at 0.503 cm per second
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(a) Refer to the diagram.

Using Trigonometric ratio

cosf = ﬂ sinf = E
HB BK
cosf = & sind = E
HB BK
HE - 24 _ 1.92
cos @ sin@
. L=HB+BK
= 24 + 1.92 (Shown)
cos@ sind
L =24sec+192c08eCh ....ccooeevvevvrereannns )

(b) Differentiate (1) with respect to 6

;iL—e =24secHtan @ —192cosecHcot &

When L is shortest, let :L—g =0

i.e.24sec@tan @ —192cosecHcotd =0
24sin@  192(cosO) _ 0

cos” 0 sin’ @
24sin@ 192(cos 6)
0’0 sin’ 0
tan’ 0 =8

tand = 2 (since @ is acute)

Refer to the triangle

i.e. cosecl = —5 NS 5
2
0=A+5
sec \/— A |
Substitute (2) into (1)
=24 ﬁ +192 ﬁ
1 2
=1204/5

Shortest length of the ladder is 1204/5 cm



(¢) Refer to the diagram.
DK — DF = FK

Using Trigonometric Ratio

FK
cosf =——
HK

cos¢9=K
L

FK = Lcos6@
Given L =270,

FK =270C080 ...ccooovveeeeeanan.

Equating (1) and (2)

Y—=x=270C0860 ..cocvvrverireeeranen 3)

Differentiate (3) with respect to ¢

Y _&_ —270sin0%
dr dr de

Since @ is acute, sinf > 0 and(ji—f <0

" —270sin6’% >0
dt

S,d—y—£>0
dr dt

e Yo &
dr dt

.. the rate of change of y is greater than the rate of change of x.

(d) From (3): y—x=270cos@

X=Y=270C080 ...cceevvinieinannen. “)
Refer to the diagram
DK =DC +CK
192
=244+ —— e S
7 tan @ ©)
Substitute (5) into (4)
x=24+ 192 —270C086 ..covevveieieens ©)
tan
Differentiate (6) with respect to 6
& 1922 sec’ @+ 270sin @
do tan” @
=— 1922 +270sin @
sin” @




Given CK =160,

tanf = %
CK

192

osinfd=—— ) 160

Given that @ is decreasing at 0.1 radians per second, i.e. (l—f =-0.1

Using Chain Rule,
d_dr do
de do dr

= (— 1922 +270sin 9} x(—0.1)
sin” @

70[%) - [122)2 x (=0.1)
Jo1

Rate of change of xis11.8cms™.

=11.791
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(a) Point P has coordinates (€cos26, 30sin26).

(b)

Let area of triangle OPQ be A. i} ,
1(z P(6cos 20, 30sin 20) Curve € T°> 7”]
A= —(—j (36sin20)
2\ 2
3z .
=——(0SIN26) .ccvveveeeeereen (1) _
4 Q(i T 0) 0 =
Differentiate (1) with respect to & :
a = 3,—7r(26’c0s 204SIN20) oo, 2)
do 4

Given that @ is increasing at the rate of 0.01 radians/sec, i.e. 49 =0.1

dr
Using Chain Rule,
4 _d4 do
de do dr

= 37”(219 cos 26 +sin 26)(0.01)
When 6 = Z,
6
3z .
= T (26 co0s 260 +5in 26)(0.01)

% =0.0327 units®> (correct to 3s.f))

The rate of change of 4 increasing when 6 :% is 0.0327 units®/s

For A to be stationary, let % =0

i.e. 3T”(249cos 260 +sin268)=0

260cos20 +sin26 =0
Using GC, 8 =1.0144 or 1.01

Differentiate (2) with respect to &

2
d—lj = 3—”(—4«9 sin20 +2cos26 +2cos 26)
do 4
When 6 =1.0144,

2
% =-12.7<0
do

2

Since < 0when 8 =1.0144, the value will result in maximum A.

92



©

Substitute & =1.0144 into (1)
A= 37”(1.0144)sin(2x1.0144)
=2.14 units” (correct to 3s.f)

. the value of 4 is 2.14 units®

Substitute  =1.0144 into x = @cos26 and y =30sin 260
. x=1.0144cos[2(1.0144)] = —0.449
v =3(1.0144) sin[2(1.0144)] =2.73

.. the location of the drone is at a point with coordinates (—0.449, 2.73)

For the drone is equidistant from points O and Q, then triangle OPQ is to be an isosceles triangle.

Mid-point of 00, x = —% 22 y
4
_z p CurveC \[0,37”}
4

. T .
Substitute x = 7 into x = @ cos 260

T
——=20cos20 > x
4 ] o
Using GC, 6 =1.1581, where 0 < es%

Substitute & =1.1581 into y = 36sin 26
y=3(1.1581)sin(2x1.1581)
=2.55

.. the coordinates of the position where the drone is equidistant from points O and Q are (-0.785, 2.55)
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2 2
(x+a-1 L2
a’ b’
Express y in terms of a, b and x

(a) Given =1

s _(x+oz—1)2

C—
P (x+a-1)
yz:bz_T
-+ bZ—E _1\2
y== a2(x+a D) s D)

Let A be the area of rectangle.
A=2(x—=14a)2Y oo 2)
Substitute (1) into (2)

2
A :2(x—1+a)2\/b2 —1/1;2 —%(xﬂz—l)z
bz
=4(x—1+a),[b —?(x+a—l)2

212 2 2
:4(x—1+a)\/ab bxta-l)

2
From (3): 4 :4(x—1+a),/b2 —b—z(x+a—1)2
a

Az=16(x—1+a)2(b2—b—z(x+a—1)2) .............................. 4)
a

Differentiate (4) with respect to x

2 2
2A%=32(}c—1+a)(b2 —b—z(x—l+a)2)—32(x—1+a)2b—2(x—1+a)
a a

d4 20’
2Aa=32(x—1+a){b2 —7(x—1+a)2}

., d4
At stationary point, — =0
ry p o
2 2b2 2
24(0)=32(x-1+a)| b ——(x—1+a)
a
2 2 2
0=32(x—1+a)b {1——2(x—1+a) }
a

0=(x—1+a){1—%(x—1+a)2}
a

s x=a—1 (rejectedasx>1—a) or (x—1+a)2:a7

x=1l-a+

2

y
A
()
- .
»> X
\ C(a-1,0) y
£ (rejectedasx>1—a) or x=l-a--L
V2 V2



Use Second Derivative Test to show 4 is maximum
Differentiate (4) with respect to x

2
2A%:32(x—1—i-a)[b2 —%(x—l+a)2]
dx a

2 2 2 2
2(%j +2Ad—124:32[b2 —%(x—1+a)2]+32(x—1+a)(—4b—2(x—1+a))
dx a a
2 2 2 2
2[%j +2Ad—124:32[b2 —%(x—l+a)2 —g(x—l+a)2]
dx a a

=

2 2 2
2(%) +2494 =32[p’ —%(x—l+a)2]
dx dx a

2
Whenx =1—a+-= %:0,A>Oandb2 —g(x—l+a)2 <0
a

V27 dx
d*4

u-- dxz

<0

. . a
Area is maximum when x =1—-a+—

V2

Horizontal width ¥
= AB

=(1—a+%}—(l—a—%j A/ — y‘(g

_ 2a
- ﬁ C(a-1,0)
=2a (Shown)

»

(b) Refer to the diagram. y
Use Pythagoras Theorem,

Substitute (1) into (5) 0 Y T

C
2
OP* =¥’ +{b2 —z—z(x—a—l)z}

= LQ[azx2 +a’b’ —b*(x+a—-1)"]
a

OP = l\/azx2 +a’h’ —b*(x+a—-1)> (Shown)
a



(¢) Let p denote the length OP.
p= Lz[azx2 +a’h’ —b*(x+a-1)"]
a
Differentiate (3) with respect to ¢

2]

— 2a2x% —2b*(x+a— 1)ﬂ
dt a dt dt

. . .. dx
The x-component of the cyclist's velocity is equal to the camera's velocity, i.e. T = n
t —a

2pd—p:L2 2a2x><L—2b2(x+a—l)>< !
a l1-a l-a

Atle—a+i and whena=4 and b =1

V2

Wlelaoas ) rar oy a1 P o oy 1mas 2 ) oy 1oae 2 a1
2(2]\/4 ((1 4+J§j R (AR 42{2(4 )(1 4+J§][1—4] 201 )(1 Atz 1](1_4ﬂ

d_p: 0.15958
dt

=0.160

a

NG

... the rate of change of the distance OP whenx =1-a+—, a=4 and b =1 is 0.160 units per second.
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(@)()
Let 4 cm” be the surface area of the cylindrical container.
Let » cm and 4 cm be the radius and height of the cylindrical container respectively.

Volume = zr2h

Given that the volume of the cylindrical container is fixed at k cm’,

ie k=nxr’h
h= Lz .............................. €))
r
2 hi
A=2T R+ TP v 2) ;
Substitute (1) into2)
=27rr (_Zj +r’ i
r
=TT e 3)
B
Differentiate (3) with respect to
a = —% +2rr
dr r

For the cylindrical container uses the least sheet metal, let — =0
r

i.e. —¥+2ﬂ'r =0

-
k

2rr =—

7"2

ok

V1

k
r=3—
V3

Substitute » =3 k into (1)
T

Since 4 = r, the height of cylindrical container is equal to its height.  (Shown)

2
d ‘j:ﬁ+2ﬂ>0 since p>0andk >0
dr r

. - [k
Hence 4 is a minimum when » = 3/—
V4



(a)(ii)
From (2): A=2xrh+r’
From(a),h:r=1:1ie. h=r
A=2xr(r)+nr’

=377’

. . 5
For new design, h:r=5:2,i.e. h= Er .............................. 4)
Hence new 4 = 2zvh + zv’

=2rr (2 rj + 77t
2

=61’

Vi g
1

. . . 6
The fraction of the area of the new design to the area of the old design =—— =

3xr

.. the ratio of sheet metal used in this new design container to the sheet metal used in part (a)(i)is 2:1

(b) Let V cm’® be the volume of the plastic cylindrical container.

Method 1
V=T R oo )
Substitute (4) into (5)
— (ij
2
D e (6)

Let 4 cm” be the total surface area of the plastic container
A=20Ph+ TF oo @)
Substitute (4) into (6)

A= 27rr(§rj + 77’

Y, 2 ®)
Differentiate (6) with respect to »
a 15
—=—nr
dr 2

Differentiate (8) with respect to »

%2127[1’
dr



Using Chain Rule,
da_da dr v

= X X
dr dr dV dt

=127xrx 2 2><80
157zr
128
r

Given i =50, substitute 2 = 50 into (4)
2
r=—(50
s (50)

=20
When r =20

Hence 128 6.4cm?/s
det 20

Method 2
A=6xr ..

[4 / A . .
r=,— or r=-[— (rejectedsincer>0)
(/4 6r

V =nr’h

(i)
=—7| —
2 \6brx

3
542
31

26)2 72

Differentiate V' with respect to 4

1
dv 1542

Y 31
d4 4(6)2 72

When 4 =50,

2
r =§(50)

=20
When r =20
A=6m(20)
=24007



Using Chain Rule,

w_da av
dt dr &
31
2 72

_ MO g0
1542

When 4 =24007

31

2.2
%:Lﬂlxgo
L 1524007)
=6.4 cm’/s

The rate of change of the surface area of the plastic container when its height is 50 cm is 6.4 cm®/s.
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K Higher Order Questions
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Solution

(a) Volume of the container = area of equilateral triangle x

= (lxz sin 60° J h
2
= ﬁ x*h

4

Gven that the volume of the container is k cm®
k= ﬁxzh
4
4k
= e, )
V3x?
A = (area of 3 rectangular sides) + (area of 1 equilateral triangle)
2
A=3(xh)+ J3x
4
2
A =3y (ij " \/g_x
NG 4
2
A= 43 + */ix (SROWN) ovoooeoeeeeeeeeee )
X

(b) Differentiate (2) with respect to x
A4 _ 43k Bx

- - 3)

For minimum value of 4, let % =0.

4\/§k «/gx
-———+—=0
X 2
Gx_aik
2 x2
x> =8k
1
x=2k3

1
Substitute x = 2k3 into (1)

4k

N&) (2/(;}2

h=

S




Differentiate (3) with respect to x

¢4 83k B

= +—
dx® X 2
2
For k,x >0, d—f=8\/§k+£>0
dx X 2

Thus, A4 is a minimum.
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Let the volume of the can be V.
V=nr'h
Given that closed cylindrical can that will hold 1500 cm® of liquid, i.e. ¥ =1500
1500 = zr*h
1500
h=—— 1)

nr

A = curved surface area + area of 2 circular face

=2 R4 2707 o, 2)
Substitute (1) into (2)
A= 2711’(15020j+27rr2
nr
= 3000 + 271
p

Differentiate (2) with respect to r
d4 3000

oo 2
dr r

FATTE i, 3)

When A4 is minimum, ;ﬂ =0.

r
30004
r
53000
4z
_750
T
750
v = 3—-
T

Use Second Derivative Test to show 4 is minimum

2
(:11:24 = 6290 FAT e 3)
When r = i/@,
T
dz—A = w-l—“-ﬂ'
dr* 750
T
=127 >0

Hence, A is minimum when r = 3/@
V4



Substitute » = 3f 750 into (1)
Vs

1500

2
750
| 3|——
T

=12.4 (correct to3s.f.)

L r= 3E=andh=12.4
V3
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Let the volume of the pyramid by V.
By Pythagoras' Theorem,

{23

h2+£_d—2
4 4
= d? <8R e )

Let the volume of pyramid be V'

V= %x (Base area) x (vertical height)

Substitute (1) into (2)

— Lz —amyn

Differentiate (3) with respect to /4
v = 1 d’ —4n’
dh 3

For maximum volume of the pyramid, let i—z =0

ie. laf2 —4n* =0
3
lol2 =4h°
3

=L

12
2

h= L (since /1 > 0)

12
_ 4
243

Substitute / = A into (3)

23

V=éMf—4M)

b Gy
'

“of3

3

93

*. the maximum volume of the pyramid is

»

é,
A

Shem| |

L

Xem
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Volume of the model
= (Volume of the cylinder) + (Volume of the cone)
1
=r(15x)° w+ 3 7(15x)* (8x)
Given that the volume of the model is k¥ cm’
k=7x(15x) " w+ % 7(15x)*(8x)
k- 6007x°
2257x

Let the external surface area be 4

A = curved surface area of the cylinder + circular base area + curved surface area of the cone

A=27015x)w+ 7(15x)> + 7(15x)4/ (8x)* + (15x)

=2715x)w+ 7 (15x)* + 7(15x)(17x)

=307xXWH 480X oo, 2)
Substitute (1) into (2)
_ 3
A =307x| K000 1 g0
2257 x
= 2k FA00ZX" oo, 3)
15x
Differentiate (3) with respect to x
A2k 800mx
dx 15x

.. dA4
For minimum external surface area, let a =0.

ire. — k2 +8007zx=0
15x
2
2K 800nx
15x
X = k
60007

1

1(kjs
v —|
10\ 67

1
. L( k).
Substitute x =—| — | into (1)
10\ 67

3

1
k—600z| L[ XV
10067

1
2257 l(kj3
10l 67

2



w=

k —6007 x L
60007

p
2257k’
7 2
100(6° )(r*)
9%k
10

2
2257k?

2 2

100(63)(73)
100

2 2
i
2
2257k?

L2
L 6x63 |3
2k3

%
10

X

X
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(a) Use Pythagoras Theorem,
AB? + BC* = AC?

12> +5° = AC? 12

AC =+/5* +127

=13

Using the diagram provided to identify that AABC is similar to AADE.
Using similar triangles

AE AC 1 A

DE BC

AE 13

s

AE :Er B c D E
5

BE = 4AB - AE
h=AB—-AE

=12—%r (Shown) .....cceeuneee. (1)

Since r and / are lengths, i.e. ¥>0and2>0
From (1): 12 —?r >0

rS@
13

" OSrS@
13

(b) Volume of inscribed container,

V' = Volume of the cylinder + Volume of the hemisphere

V=nr'h+ l(imﬂj .............................. 2)
23
Substitute (1) into (2)
=71’ (12—Erj +Z7zr3
5 3
=127 =288 e, 3)

Differentiate (3) with respect to »
Ll
dr

=247xr —?m’z.



For maximum volume V, let d—V =0.
r

ie. 24rnr —%m’z =0

m’(24—?rj =0

r=0 (rejected as r #0) or r:@

29

Use First Derivative Test to show V' is maximum

r 29 29 29
cprl? ceri2l
£ 29 ¢ 29
dr ER’>O 0 7271'<0
dr | 145 145

. 120
*. maximum volume at r = —
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(a) Observe that PQ =QC =x and PR=RC = y. A
Use Pythagoras Theorem,
PB*+BQ* = PQ*

PB =.,/PQ* - BO?
=x* = (6—x)

=x* =36 +12x —x° .

=+/12x-36
=2\3Jx-3
(b) Method 1

Let R' be the foot of perpendicular from R to 4B.
Since ARR'P and APBQ are similar triangles,

Fig. 1

RP RR'

PO PB
y___ 6
x J12x-36

6x

J12(x=3)

_ 6x

I 23/x-3

12

3x

\/g x-3
=X ( 3 j (Shown)

x-3

Method 2
Let R' be the foot of perpendicular from P to CD.
Then RR'=RC-P'C

=y-PB

=y—+/12x-36

Consider ARPP', by Pythagoras Theorem, A

¥ =6"+(y—+12x-36)°
¥ =36+ )" —2y\/12x—36 +(12x - 36)

2yN12x-36 =12x
e 6x
V12x-36

6x

2/3x-3

3
=X (x—3j (ShOWn) ..c.oovveiriiiieieene

Fig. 2

12



(¢) Let OR bel.
by Pythagoras Theorem,

P =X 49 e, 2)
Substitute (1) into (2)
2
Pox® 4 3)
x=3

Differentiate (3) with respect to 6
2
d/ P (x—=3)(6x)—3x

20—
dx (x-3)

ol dl_(2x)(x - 3)” + (x = 3)(6x) - 3x7
dx (x-3)

dl_ 2x(x* —6x+9) +6x” —18x—3x
dx (x-3)
2lg_z;f—%cz _X'(2x-9)

dv  (x-3  (x-3)

21

For stationary value, when % =0,
¥*(2x-9)=0

x=0 (rejected since x > 0) or x :%

Use First Derivative Test to show / is minimum

— 2 _

Whenx:g—, 2x-9<0, ﬂzsz)
2 dx  2I(x-3)
+ 2 _

When x = =, 2x—9>0, ﬂ:M
2 dx  2I(x-3)

Hence when x = %, [/ is minimum. (Proven)

Substitute x = % into (3)

3x?
x=3

81
81 (3)(4j
_8t “\4)

4

P=x’+

=}

[\

24
4
243

1= |22
4

93

.. the minimum length of OR is -
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(a) Refer AAKD in the diagram.
Let the the height of triangle be AK.
DK
tan@d = ——
Taking ¢ = tan 6,

t=—o

AK

2a

Ak =2
t

Hence AH = AK + KH

a
=2a+—
t

o)

Refer ADEB in the diagram.
tan @ = BE
DE

Taking ¢ = tan 6,

_BE

T 24

_ 2a

T

Hence BH = BE+EH
=2atanf+a
=a(2t+1)

t

BE

Area S = %(AH)(BC)
S = 2(2+1J(2a(21+1))
277
S =a2(2+%](2t+1)

S=a2(4+4t+lj ..............................
¢

(b) Differentiate (1) with respect to ¢

s ,(, 1
5= (4 ﬁj .............................. )

(1) (Shown)




For the minimum area, let (ji—S =0,
t

a2(4—tl2j:0

1 . . .
or t= 3 (Rejected, since @ is acute)

Use Second Derivative Test to show S is minimum
Differentiate (2) with respect to ¢

&es_ (2
dr £

.. 1
Hence the minimum value of .S occurs when ¢ = 5

Substitute ¢ :% into (1)
) 1
S=a|4+4x—+2
2
=8a’

. the minimum S is 84°.

(©) ThegraphofS:a2(4+4tant9+ ! )
tan @

V
A
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Let o be defined as shown.
(a) Using Trigonometric Ratio,

tana = —
x 2m
a=tan" — ...
X
3 Im
Also tan(@+a)=—
X Xxm
O+a=tan" 3
X
0 =tan”' 3—a .............................. 2)
X
Substitute (1) into (2)
f=tan" 3 tan”' 1 (ShOWN) .o, (3)
X X

(b) Differentiate (3) with respect to x

do__ 1 3 1 -
dx_ 2 2 2 2
7
X X
¥ 3..x 1
XX+3 X X+l X
1 3

_x2+l_x2+9
_x2+9—3x2—3
2 +D(x*+9)

_ 6—2x7
()c2 + 1)(x2 +9)

a=6andb=-2

(Shown)

For stationary, let ﬁ =0
dx

. 6-2x°
ie. —————=
(> +D(x* +9)
6-2x"=0
x=3 or x=—3 (rejected as x > 0)



Use First Derivative Test to show € is maximum

W) [ ] ()

— | +ve 0 —ve

.. 01s maximum at x = \/§ m.

It is not realist as it is assumed that the observer's eye level is at ground level. (or The observer is viewing from the floor.)
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(a) Distance BP

— AB-BP
~10-x km - N‘jr“h

Use Pythagoras Theorem, 6 km Sea
2 2 2 : N
PQ" =BQ"+BP ‘B ~ P xkm A Station
=(6>+(10-x)*) bres S y
By T
= J(36+100—20x + x*) 10km

.. Distance PQ =/(x* —20x +136)

C = Cost of underground cable + Cost of undersea cable

=125x+1.6x125,/(x* —20x +136)
=125x+2004/(x> = 20X +136) wrveoeveeerererrrerenne. (1) (Shown)

s k=200
(b) Differentiate (1) with respect to x
1
% =125+ 200{%(;& —20x+136) 2 }(Zx -20)

200(10 - x)
1

(x* —20x +136)?

=125-

For statonary Value,(izc =0

200(10 - x)
1

(x* —20x +136)2

125- =0

1
125(x* —20x +136)2 = 200(10 - x)
x’ —20x+136:ﬁ(10—)c)2
25

25(x* —20x +136) = 64(100 — 20x + x*)
39x* —780x+3000 = 0

x:IO—IO\/% or x:10+10\/% (rejected as 0 < x <10)



Use First Derivative Test to verify that C is minimum

x 10—10\/E 10—10\/E 10—10\/z
13 13 13

dC

— —-ve 0 +ve
dx

Slope \ — /

o Cis minimum at x =10 —10\/% km.

Alteratively Method: (Use Second Derivative Test to verify that C is minimum)

1 1
£C (x* = 20x +136)2(~1) — (10— x) - (x* ~20x +136) 2(2x —20)
— =200 S—
dx x> —20x+136

1
—200(x* = 20x +136) 2(—(x* —20x +136) + (10— x)*)
x> —20x+136
—~200(—x” +20x —136+100 — 20x + x7)

3
(x* —=20x +136)?
7200

- 3
(x> —20x +136)?
7200

@6+00—xfﬁ

WhenleO—lO\/%, (36+(10-x)")>0

&c 7200
o= >0
(36+(10—x)*)?

oo Cisminimumat x =10— 10\/% km.

©

(, thousands
A (10,2450)

2332.28

(5.1961,2186.75)

» x, km

(d) Refer to the graph in (c).

Max cost occurs at 2450 thousands.
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(@)

2 mm/sec 1 mm/sec

The diagram above shows a diagrammatic representation of particle 4 and particle B at the beginning of an experiment.

500-2¢

B

The diagram above shows a diagrammatic representation of particle 4 and particle B after ¢ seconds.

Use Pythagoras Theorem,

x =+/(500—2¢)> + 12

Differentiate x with respect to ¢

% = %((500 -2t)" + ﬁ)’%(z(soo —2£)(=2) +21)

_ 1-1000+4

- J(500=20) +£2

At t =45 seconds (0.75 minutes)
dx _ 5(45)-1000

dt - [(500-2(45))° + (45)°
=-1.88

.. the rate at which x decreasing at —1.88 mm per second after 0.75 minutes from the start of the experiment.

(b) From (a): dx 11000 +4

dt /(500 -21)° + ¢

. .. dx
When x is at minimum, d_ =0
t

51-1000
(500 -21)% + £
t =200

.. the value of ¢ corresponding to the minimum value of x is 200.
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(a) Refer to the diagram. 7y
Using Trigonometric ratio,

tan 60° = C—M 3x
BM

CM
i==- y

CM=\/§x

2x
. CM = AD =3x

c0s60° = X
BC

BC=—2"
cos60°

=2x

Let V' be the volume of the trough.

V=%(2x+3x)><«/§x><y

B 543x7 y
2
Given that when the trough is filled to its maximum volume is 53km’, ie. V =5k

y= TG eeeeeeeeeeeeeeninin (1)

A:%(2x+3x)x\/§x><2+3xy+2xy+x/§xy .............................. 2)

=53x% + 5+ x/g)xy
Substitute (1) into (2)

=5 +(5 +\/§)X(¥j

X
=53¢ 263k (SHOWN) oo 3)
X

Differentiate (3) with respect to x

d4 2(5+3)k
L1043y -2
dx [x x2



For stationary 4, let % =0

=0

ie. IOﬁx—M
X
5\/>xzw

o 5+B)k
e

(b) Substitute k = % and y =0.6 into (1)

po 2
x- 160
x=0.25

V3

Hence, AB=0.25x3=0.75 :%and AD = \/5 x0.25= 4

Let V, denotes the volume of water in the trough. D C
V., = (Area of trapezium) x length
:%(AB+NT)><AN><O.6 N T
h
;[% %—zjhx06 y 5
E a
443 3
-0 3]
2 3
0.3
=045h——=h" oo, 4
NE 4)

Given that when the trough is filled to its maximum volume is 53k m’ ,
ie. V, =5k

Taking k = i,
160

3
V =53 x—
? V3 160

When the volume of water in the trough is half filled, V, = [5\/5 X 160} .............................. (5)
Equating (4) and (5)
(5\/_ 3 j ﬁ
160 64
0.45h —Eh2 3\/—
N
Eh2 0.45h + i =0
B 64

Using GC, h=0.19507 or h=2.40301 (rejected since & < AD =~ (.433)



Differentiate (4) with respect to x

A7 _045-28),

dh B

Using Chain Rule,
W _ar
dt  dh dt

Water is pouring at a constant rate of 0.015 m® per minute into the trough, i.e. — =0.015

0.015= 0.45—%><0.19507 x%
NE) dt

When 4 =0.19507

0.015=( 0.45- %0 0.19507 |x I
3 dt
dh

—=0.03922
dt

Hence the rate of change of height is 0.03922 m per minute.
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Solution
(@) Given X =(VCOSO) .ccoevvrrereeieeeeeeeieeeens €))
and  y=(VSINO) =5 oo, )

Difterentiate (1) with respect to ¢

% =vcosd
dt
Differentiate (2) with respect to ¢

d_y= ysin @ —10¢
dt

Using the Chain Rule,
dy
Y_w
de &
dt
_vsinf-10¢
ycos @

For greatest height, dv =0.
dx

vsin @ —10¢
ie. ——=

0
vcosd
_vsin®
10
. vsing .
Substitute ¢ = into (2)

. vsin @ vsin@)’
=(vsind -5
=t )( 10 j ( 10 j
_v'sin® 0
20
: . o . . . . V'sin® @
Hence, the greatest height at which the particle is at the highest point in the trajectory is 0 metres

Alternative Method
For maximum height, we have zero vertical velocity, i.e. i—y =0
t
vsind—10t =0
vsin @
=
10
: vsiné .
Substitute ¢ = into (2)
. vsin @ vsin@)
= (vsinf -5
r=tsna 2525250
v sin® 6
=—— metres

2 :..2
. . L . e . . vsin® @
Hence, the greatest height at which the particle is at the highest point in the trajectory is 0 metres



v?sin® @

(b) Maximum height of particle from the ground = 0 +29
Given that the greatest height that the particle reaches is 57.8 m.
2 :..2
s7.8= Y500 o9
20

576 =v*sin’ @
Sincev>0and0<¢9<%.

vSiNG =24 ...cooevvieieiee 3)

When the particle hits ground, y = —29.
Substitute y = 29 into (2)

-29 = (vsin @)t - 5¢
5t° —24t-29=0
(51-29)t+1)=0

t=58 or t=-1(reject, t > 0)

Hence, time taken for particle to hit the ground is 5.8 seconds.

When the particle hits the ground at 4 which is at a horizontal distance of 104.4 m from O, i.e. x =104.4
Substitute x =104.4 into (1)

104.4 = (vcos O)t

vcosl = 1044
5.8
VCOSO =18 oo, 4)
Taking (3)* +(4)°

v?sin? @ +v* cos® O =24% +182
v =900
v =30 since v > 0.

The value of v when £ = 5.8 is 30 ms".

(¢) When particle hits ground, vsin@ =24, vcos8 =18, t =5.8.
d_y _ vsinf-10¢
dx vcos
_24-10(5.8)
18

7
9

Hence,

. .1
The exact gradient of the tangent at 4 is —?7.
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